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ABSTRACT: We show that the application of the pinch technique to the conventional
Schwinger-Dyson equations for the gluon propagator, gluon-quark vertex, and three-gluon
vertex, gives rise to new equations endowed with special properties. The new series coin-
cides with the one obtained in the Feynman gauge of the background field method, thus
capturing the extensive gauge cancellations implemented by the pinch technique at the level
of individual Green’s functions. Its building blocks are the fully dressed pinch technique
Green’s functions obeying Abelian all-order Ward identities instead of the Slavnov-Taylor
identites satisfied by their conventional counterparts. As a result, and contrary to the stan-
dard case, the new equation for the gluon self-energy can be truncated gauge invariantly at
any order in the dressed loop expansion. The construction is streamlined by resorting to
the Batalin-Vilkovisky formalism which allows for a concise treatment of all the quantities
appearing in the intermediate steps. The theoretical and phenomenological implications of
this novel non-perturbative framework are discussed in detail.
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1. Introduction

The Schwinger-Dyson equations (SDE) [i], P| provide a formal framework for tackling
physics problems requiring a non-perturbative treatment. The SDE constitute an infinite
system of coupled non-linear integral equations for all Green’s functions of the theory, and
can be used, at least in principle, to address questions related to chiral symmetry break-
ing, dynamical mass generation, formation of bound states, and other non-perturbative
effects [, f]. In practice, their usefulness hinges crucially on one’s ability to devise a
self-consistent truncation scheme that would select a tractable subset of these equations,
without compromising the physics one hopes to describe. Inventing such a scheme for the
SDE of gauge theories is a highly non-trivial proposition. The problem originates from the
fact that the SDEs are built out of unphysical Green’s functions; thus, the extraction of re-
liable physical information depends critically on delicate all-order cancellations, which may
be inadvertently distorted in the process of the truncation. Several of the issues related to
the truncation of the SDEs of QED have been addressed in a series of articles [J—F.

The situation becomes even more complicated for strongly coupled non-Abelian gauge
theories, such as QCD [[], mainly for the following reasons.

i. The complications caused by the dependence of the Green’s functions on the gauge-
fixing parameter are more acute in non-Abelian gauge-theories, as can be seen already
at the level of the most fundamental Green’s function, namely the two-point func-
tion (propagator) of the corresponding gauge bosons. In QED the photon self-energy
(vacuum polarization) is independent of the gauge-fixing parameter, both pertur-
batively (to all orders) and non-perturbatively; when multiplied by e? it forms a
physical observable, the QED effective charge. In contradistinction, the gluon self-
energy is gauge-dependent already at one loop; depending on the gauge-fixing scheme
employed, this dependence may be more or less virulent. This difference is of little
practical importance when computing S-matrix elements at a fixed order in pertur-
bation theory, given that the gauge-dependence of the gluon self-energy is guaranteed
to cancel against similar contributions from other graphs, but has far-reaching con-
sequences when attempting to truncate the corresponding SDEs, written in some



gauge. Contrary to what happens in the perturbative calculation, even if one were to
put together the non-perturbative expressions from these truncated SDEs to form a
physical observable, the gauge-cancellations may not go through completely, because
the process of the truncation might have distorted them. Thus, there is a high proba-
bility of ending up with a residual gauge-dependence infesting one’s non-perturbative
prediction for a physical observable.

it. In Abelian gauge theories the Green’s functions satisfy naive Ward Identities (WIs):
given the tree-level WI, the all-order generalization is obtained by simply replacing
the tree-level expressions by the all-order ones. In general, this is not true for the
Green’s functions of non-Abelian gauge theories, where the WIs are modified beyond
tree-level, and are replaced by more complicated expressions known as Slavnov-Taylor
identities (STIs) [[Ld, [L1]}; in addition to the basic Green’s functions of the theory they
involve various composite ghost operators. In order to appreciate how the fact that
the Green’s functions satisfy STIs may complicate the truncation procedure of the
SDEsS, let us consider the simplest STI (and WI in this case) satisfied by the photon
and gluon self-energies alike, namely

¢*Tag(q) = 0. (1.1)

Eq. (1) is without a doubt the most fundamental statement at the level of Green’s
functions that one can obtain from the BRST symmetry [IJ]; it affirms the transver-
sality of the gauge-boson self-energy, be it a photon or a gluon, and is valid both
perturbatively to all orders as well as non-perturbatively. The problem stems from
the fact that in the SDE of II,3(q) enter higher order Green’s functions, namely the
fully-dressed fundamental vertices of the theory. It is these latter Green’s functions
that in the Abelian context satisfy WIs whereas in the non-Abelian context satisfy
STIs. Thus, whereas in QED the validity of eq. ([[.1) can be easily seen at the level of
the SDE, simply because ¢"I',(p,p +¢q) =€ [S_l(p +q) — S_l(p)], in QCD proving
eq. ([.1) is very difficult, and requires the conspiracy of all full vertices appearing in
the SDE. Truncating the SDE naively usually amounts to leaving out some of these
vertices, and, as a result, eq. ([[.T]) is compromised.

The complications stemming from the two points points mentioned above are often
compounded by additional problems related to the loss of multiplicative renormalizability
and the inability to form renormalization-group invariant quantities.

Recently, a truncation scheme for the SDEs of non-Abelian gauge theories has been
proposed [[L3] that is based on the pinch technique (PT) [I4, [[7] and its connection with the
background field method (BFM) [Id, [7] (see below). The way the PT resolves the difficul-
ties related with points (i) and () mentioned above is by imposing a drastic modification
already at the level of the building blocks of the SD series, namely the off-shell Green’s func-
tions themselves. The PT is a well-defined algorithm that exploits systematically the sym-
metries built into physical observables, such as S-matrix elements or Wilson loops, in order
to construct new, effective Green’s functions, endowed with very special properties. The



basic observation, which essentially defines the PT, is that there exists a fundamental can-
cellation between sets of diagrams with different kinematic properties, such as self-energies,
vertices, and boxes. This cancellation is driven by the underlying BRST symmetry [[J], and
is triggered when a very particular subset of the longitudinal momenta circulating inside
vertex and box diagrams generate out of them (by “pinching” internal lines) propagator-
like terms. The latter are reassigned to conventional self-energy graphs, in order to give
rise to the aforementioned effective Green’s functions. These new Green’s functions are
independent of the gauge-fixing parameter [I4, [[5, [§R0], satisfy ghost-free, QED-like
WIs instead of the complicated STIs [E, @], display only physical thresholds [@, @],
have correct analyticity properties BJ], and are well-behaved at high energies [R4].

Of central importance for the ensuing analysis is the connection between the PT and
the BFM. The latter is a special gauge-fixing procedure that preserves the symmetry of
the action under ordinary gauge transformations with respect to the background (classical)
gauge field EZ, while the quantum gauge fields, Ay, appearing inside the loops, transform
homogeneously under the gauge group [RJ]. As a result, the background n-point functions
(i.e., those involving A\Z fields) satisfy QED-like W1Is to all orders. The BFM gives rise to
special Feynman rules (see appendix [[]); most notably (a) the tree-level vertices involving
EZ fields depend in general on the quantum gauge-fixing parameter g, used to gauge-
fix the quantum gauge fields, and (b) the ghost sector is modified, containing symmetric
gluon-ghost vertices, as well as two-gluon-two-ghost vertices. Notice an important point:
the background n-point functions are gauge-invariant, in the sense that they satisfy (by
construction) QED-like WIs, but are not gauge-independent, i.e., they depend explicitly
on &o. The connection between PT and BFM [R6, P7], demonstrated to be valid to all
orders [RY], affirms that the (gauge-independent) PT n-point functions coincide with the
BFM n-point functions when the latter are computed at the special value {g = 1, also
known as the background Feynman gauge (BFG).

Let us now return to points (i) and () and analyze them from the perspective of
the PT. In a nutshell, the way point (7) is resolved, for the prototype case of the gluon
self-energy, is the following. The BFG is a privileged gauge, in the sense that it is selected
dynamically when the gluon self-energy is embedded into a physical observable (such as an
on-shell test-amplitude). Specifically, the BFG captures the net propagator-like subampli-
tude emerging after QED-like conditions have been replicated inside the test-amplitude,
by means of the PT procedure. Thus, once the PT rearrangements have taken place, the
propagator is removed from the amplitude and is studied in isolation: one considers the
SDE for the background gluon self-energy, ﬁag (q), at &g = 1. Solving the SDE in the BFG
eliminates any gauge-related exchanges between the solutions obtained for ﬁag(q) and
other Green’s functions, when put together to form observables; thus, the solutions are
free of gauge artifacts. Regarding point (i), the key ingredient is that now all full vertices
appearing in the new SDE satisfy Abelian W1Is; as a result, gluonic and ghost contributions
are separately transverse, within each order in the “dressed-loop” expansion. Thus, it is
much easier to devise truncation schemes that manifestly preserve the validity of eq. ([.1)).

The main results presented in this article are the following. We provide a detailed
and complete demonstration of how the application of the PT algorithm at the level of



the conventional SD series leads to a new, modified SD series, with the special properties
mentioned above. A preliminary discussion of this issue has already appeared in brief
communication, dedicated to the SDE of the gluon self-energy [[[J]. From the technical
point of view, here we present a significantly more concise and direct proof, by virtue
of a crucial STI, that we employ for the first time. In addition, we extend the analysis
to include the SDE for the quark-gluon and three-gluon vertices, which are important
ingredients for obtaining a self-contained picture. We emphasize that the three-gluon
vertex relevant in this analysis is the one that would correspond, in the BFM language,
to I' 7,4, i.e. one background gluon and two quantum ones merging, and not the fully
Bose-symmetric vertex I' ;77 considered in [H, 9. The reason is that it is the former
vertex that appears in the SDE of the gluon self-energy, in complete accordance with both
the PT unitarity arguments [B0] (see also appendix [A]) and the independent diagrammatic
rules of the BFM [[7].

Furthermore, we address an important conceptual and practical issue, related to the
fact that, qualitatively speaking, the new SD series expresses the BFG Green’s functions in
terms of integrals involving the conventional ones. This is already evident at the two-loop
level: the two-loop BFM gluon self-energy is written in terms of integrals involving the
conventional one-loop gluon self-energy. This example might suggest, at first sight, that
one cannot arrive at a genuine SDE involving the same unknown quantity on both sides,
but there is a way around it. Specifically, the use of a set of crucial identities, relating the
conventional and the BFM Green’s functions, allow one to convert the new SD series into
a dynamical equation involving either the conventional or the BFM gluon self-energy only.

The paper is organized as follows. In section ] we briefly review the most salient
features of the PT methodology and explain qualitatively how the new SD series is obtained
and what are its main advantages compared to the conventional SD series, focusing on the
truncation possibilities it offers. In section f we introduce the notation and the formal
machinery that will be used in the actual derivation of the PT Schwinger-Dyson equations
of QCD. We focus particularly on the Batalin-Vilkovisky formalism and the plethora of
relations that it furnishes for the various fundamental and auxiliary Green’s functions
appearing in our construction. In section §] we present the central result of this work,
namely the detailed derivation of the new set of SDEs. There are three main subsection,
dedicated to the construction of the new SDEs for the quark-gluon vertex, the three-gluon
vertex, and finally the gluon propagator. In section ] we discuss some of the main practical
implications of the new SD series, and present our conclusions and outlook.

The paper contains five appendices. In appendix [A] we discuss some subtleties of the
extension of the PT algorithm beyond one loop, and in particular how to identify unam-
biguously the subset of three-gluon vertices that must undergo the PT decomposition. In
appendix [Bl we describe the general strategy for carrying out the renormalization procedure
to the new SD series obtained within the PT. Finally, the last four appendices furnish the
derivation of several instrumental formulas employed in section [f, together with a complete
set of Feynman rules.



2. The new SDE series: general philosophy and main results

In this section we present the general ideas and outline the basic philosophy of our approach,
before diving into the complexities of the full SDE construction. The style of this section
is rather qualitative; thus the reader who would like to skip the technicalities can get an
overview of the theoretical and practical advantages offered by the new SD series, compared
to the conventional formalism.

2.1 The difficulties with the conventional formulation

Let us first focus on the conventional SD series for the gluon self-energy. Defining the

transverse projector
qaqp

Pa,@(Q) = YGap — q2 ) (21)
we have for the full gluon propagator in the Feynman gauge (£ = 1)
. . qdaq
iBapl@) = =1 | Pap (@A) + =57 | (22)

with Agbﬁ(q) = §%%A,5(q) (in what follows color factors will be omitted whenever possible).
The scalar function A(g?) is related to the all-order gluon self-energy

Iag(q) = Pap(a)1L(¢?), (2.3)
through
Al?) = s (24)
¢* +ill(g%) '

Since ,3(g) has been defined in (R.4) with the imaginary factor i factored out in front, it
is simply given by the corresponding Feynman diagrams in Minkowski space. The inverse
of Ayp(q) can be found by requiring that

NG (@A (a) = 0L, (25)

and is given by
A5(q) = iPap(@) A (¢%) + igags, (2.6)

or, equivalently,
AL5(q) = igapq® — Tap(q). (2.7)

In figure [l we show the SDE satisfied by the gluon self-energy. It reads

6

ATHq?) Pap(a) = ¢ Pap(@) +1 Y _(ai)as- (2.8)
i=1

Of course, in addition to the SDE for the gluon propagator, one must also include the
corresponding SDE for the vertices; they are normally expressed as skeleton expansions in
terms of the corresponding connected multi-particle kernels (the proper treatment of the
vertices is presented in section [f).
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Figure 1: Schwinger-Dyson equation satisfied by the gluon self-energy. The symmetry factors of
the diagrams are s(a1,as,as5) = 1/2, s(as,as) = —1, s(as) = 1/6. White blobs represent connected
Green’s functions while black blobs represent one particle irreducible ones.

The main theoretical problem one encounters when dealing with the SDE given above
is the fact that it cannot be truncated in a physically meaningful way. The most obvious
manifestation of this drawback is the following: after the truncation the fundamental
eq. ([.1) is violated. To recognize the origin of this difficulty, note that eq. ([.1)) translates
at the level of the SDE to the statement

a

q

(2

6
(ai)ag = 0. (29)

=1

The diagrammatic verification of (2.9), i.e., through contraction of the individual graphs

by ¢%, is practically very difficult, essentially due to the complicated STIs satisfied by the

vertices involved. The most typical example of such an STI is that of the conventional

three-gluon vertex Iau (g, k1, k2) (all momenta entering), given by [B1]

qara,uz/(q’ k1, k2) = [q2D(q)]{A_l(k‘%)PJ(k‘Q)H“«/(kl, k2) _A_l(k%)P;](kl)HV“/(k% kl)})
(2.10)
where the auxiliary function H,g is defined in figure . The kernel K appearing in this
function is the conventional connected ghost-ghost-gluon-gluon kernel appearing in the
usual QCD skeleton expansion [, B3]. Notice also that H,g(k,q) is related to the con-
ventional gluon-ghost vertex I's(k,q) (with k the gluon and ¢ the anti-ghost momentum)
by ¢ Oéﬁ(k7Q) = Pﬁ(kaq) [H? @7@]

In addition, some of the pertinent STIs are either too complicated, such as that of the
conventional four-gluon vertex, or they cannot be cast in a particularly convenient form.
For instance, in the case of the conventional gluon-ghost vertex, I', (g, p), the STI that one
may obtain formally for ¢*I",(¢,p) is the sum of two terms one of which is p"I",(q, p); this
clearly limits its usefulness in applications.

The main practical consequence of these complicated STIs is that one cannot trun-
cate (R.§) in any obvious way without violating the transversality of the resulting Il,5(q).
For example, keeping only graphs (a1) and (ag) is not correct even perturbatively, since the
ghost loop is crucial for the transversality of I,z already at one-loop; adding (as3) is still
not sufficient for a SD analysis, because (beyond one-loop) ¢*[(a1) + (a2) + (a3)]ag # O.
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Figure 2: The auxiliary function H appearing in the three-gluon vertex STI. Gray blobs represent
(connected) Schwinger-Dyson kernels (in this specific case the ghost-gluon kernel X appearing in
the usual QCD skeleton expansion).

2.2 The pinch technique

The PT [[4), [[7] is a particular algorithm for rearranging the perturbative series in such a
way as to obtain new Green’s functions that are independent of the gauge-fixing parameter,
and satisfy to all orders ghost-free, QED-like W1Is, instead of the usual STIs. The original
motivation for resorting to it was precisely to devise a truncation scheme for the SDE that
would preserve manifestly the gauge-invariance of the answer at every step.

Let us emphasize from the beginning that, to date, there is no formal definition of
the PT procedure at the level of the functional integral defining the theory. In particular,
let us assume that the path integral has been defined using an arbitrary gauge-fixing
procedure (i.e. linear covariant gauges); then, there is no known a priori procedure (such as,
e.g., functional differentiation with respect to some combination of appropriately defined
sources) that would furnish directly the gauge-independent PT Green’s functions. The
definition of the PT procedure is operational, and is intimately linked to the diagrammatic
expansion of the theory (i.e. one must know the Feynman rules). In fact, the starting point
of the PT construction can be any gauge-fixing scheme that furnishes a set of well-defined
Feynman rules and gauge-independent physical observables. Specifically, one operates at a
certain well-defined subset of diagrams, and the subsequent rearrangements give rise to the
same gfp-independent PT answer, regardless of the gauge-fixing scheme chosen for deriving
the Feynman rules. Note however that, as the present paper amply demonstrates (and as
has already been emphasized in some of the earlier literature), the PT is not diagrammatic,
in the sense that one does not need to operate on individual graphs but rather on a handful
of classes of diagrams (each one containing an infinite number of individual graphs). This
is the enormous advantage of formulating the PT at the SD level.

The aforementioned rearrangements of the PT are collectively implemented through
the systematic use of the STIs satisfied by certain Green’s functions and kernels; the
latter constitute standard ingredients in the ordinary perturbative expansion or the SDE
of the various n-point Green’s functions. In the Feynman gauge, which is by far the most
convenient choice, the relevant STIs are triggered by the action of a very special set of
longitudinal momenta. Specifically, consider the subset of Feynman diagrams that have at
least one external three-gluon vertex

Lon (g k1, ke) = —igf*"" Tayuw (g, k1, ka2). (2.11)



By “external” we mean a vertex that has one of its legs irrigated by a physical momentum,
to be denoted by ¢, as opposed to a virtual momentum, that is being integrated over in
the Feynman graph [B0] (a detailed discussion of why only external vertices can pinch
while all other three-gluon vertices inside the loops should remain unchanged is provided
in appendix [A]). Then Ty, (g, k1, k2) is decomposed as [[[4]

Pauu(% kl7 k2) = FEMV (Q7 k17 k2) + FZ}M/ (Q7 klu k2)7
FEW(Q’ k1, k2) = (kl - k2)a.g,uz/ + ZQVgau - 2(]ugam
Pguu(% kl, k2) = k2ugau - klugal/' (212)

Evidently the above decomposition assigns a special role to the leg carrying the physical

momentum ¢, and allows Fgw(q, k1, ko) to satisfy the tree-level WI

qargpy(% ko, k1) = (k’% - k%)g,ul/a (2.13)

where the r.h.s. is the difference of two (tree-level) inverse propagators in the Feynman
F
apy

and (44) it coincides with the BEM three-gluon vertex involving a background gluon, Ea(q),

gauge. Note that 'y, ., (g, k1, k2) (i) is Bose-symmetric only with respect to the p and v legs,
and two quantum gluons, A, (k1) and A, (k2), in the Feynman gauge (i.e., when the quan-
tum gauge-fixing parameter, {g, is chosen to be {9 = 1). The term FEW (g, k1, ko), which in
configuration space corresponds to a pure divergence, plays the central role in the PT con-
struction; indeed, the main thrust of most PT demonstrations (in this article and many oth-

ers before) is to essentially track down the precise action of the momenta contained inside

P
apy

FEW. Specifically, I'; ,,, contains the longitudinal “pinching” momenta, which will get con-
tracted with the kernels and Green’s functions nested inside the remaining part of the dia-
gram, triggering the corresponding STTs; this, in turn, will produce the highly non-trivial re-
arrangements of the various terms characteristic of the PT. Quite remarkably, all these rear-
rangements finally amount to the modification of the ghost sector of the theory, reproducing
dynamically the corresponding ghost sector of the BFM, leaving no residual terms behind.

The simplest example that demonstrates the action of the pinching momenta is the
one-loop construction of the PT gluon self-energy (see subsection P.4): the STI triggered
inside the conventional one-loop diagram (a) in figure [ is simply the tree-level version of

eq. (R.10), namely

kﬁfrauu(qa k1, k72) = q2Pau(Q) - k%Pau(k@)v (214)
k5T 0y (¢, k1, ka) = ki Pap(k1) — ¢* Pay(q). (2.15)

The terms proportional to an inverse propagator of the external leg (i.e., to ¢2), will
cancel (when embedded into a physical process!) against similar contributions from other
graphs (e.g., vertex-graphs), also produced by the corresponding action of the pinching
momenta inside them; in this case the pinching momenta literary “pinch out” internal quark
lines (hence the name of the technique). Thus, effectively, inside a physical process, this
particular subset of pinching contributions can be discarded altogether; this is the shortcut
introduced in the “intrinsic” [[§]. The remaining pinching terms, namely those proportional



to the internal leg, are instrumental for obtaining the PT answer; in particular, they

symmetrize the original R ghost sector, so that it will finally coincide with the BEM ghost

sector at g = 1 (see again subsection P.4).

2.3 Pinch technique and background field method: some conceptual issues

As mentioned in the Introduction, the (gauge-independent) PT n-point functions coin-

cide with the BFM n-point functions when the latter are computed at the special value

£o = 1 (BFG). Even though this correspondence (and its correct interpretation) has been

addressed in various places in the literature, it may be useful to present a brief overview

of some of the main subtleties associated with it.

1.

1.

141,

1.

The objective of the PT construction is not to derive diagrammatically the BFG, but
rather to exploit the underlying BRST symmetry in order to expose a large number of
cancellations, and eventually define gauge-independent Green’s functions satisfying
abelian WIs. In fact, it was after more than a decade of independent PT activity
(when practically all one loop calculations had been carried out both in QCD and
the electroweak sector) when the aforementioned correspondence was discovered (i.e.
the PT results already existed, and then it was realized that they coincide with the
results of the BFG). Thus, while it is a remarkable and extraordinarily useful result
that the PT Green’s functions can also be calculated in the BFG, this needs a very
extensive demonstration. Therefore, the correspondence must be verified at the end
of the PT construction and should not be assumed beforehand.

It is well known that, at any order, the S-matrix S of the BFM, is equal to that in the
conventional linear (R¢) gauges, i.e., S = S There is no way, however, to deduce from
this equality the PT-BFG correspondence. Writing S = I'AI' + B and S =TAT + E,
using that the box diagrams are equal in both schemes, i.e., B = B, and, finally,
observing that the PT does not change the unique S-matrix, one can deduce that
TAT = fﬁf, and hence that TAT = TAT. But from this does not follow that A = A
nor that T' = f; one must prove explicitly the equality for individual Green’s functions.

We emphasize that the PT is a way of enforcing gauge independence (and several
other physical properties) for off-shell Green’s functions; the BFM, in a general gauge,
is not. This is reflected in the fact that the BFM n-point functions are gauge-
invariant, in the sense that they satisfy (by construction) QED-like WIs, but are not
gauge-independent, i.e., they depend explicitly on {p. Had the BFM n-point func-
tions been {g-independent, in addition to being gauge-invariant, there would be no
need for introducing independently the PT.

Notice that the {g-dependent BEFM Green’s functions are not physically equivalent.
This is best seen in theories with spontaneous symmetry breaking: the dependence
of the BFM Green’s functions on £ gives rise to unphysical thresholds inside these
Green’s functions for {g # 1, a fact which limits their usefulness for resummation
purposes [R1]. Only the case of the BFG is free from unphysical poles; that’s because
then (and only then) the BFM results collapse to the physical PT Green’s functions.

— 10 —
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V1.

VL.

The PT procedure has no a-priori knowledge of the BFM built into it, despite the
fact that the splitting of the regular three gluon vertex given in (R.19) suggests such
a preference. Indeed, while TV coincides with the BFG vertex, it only furnishes one
piece of the final answer. As already mentioned, the non-trivial part of the PT con-
struction resides in what happens when the I'' part of the vertex gets contracted
with the Green’s functions and kernels nested inside the corresponding SD diagram.
The correspondence with the BFG works finally only because the W1 triggered by I'*
conspire in such a way as to reproduce dynamically the BFM ghost sector at {g =1,
and nothing more. There is no a-priori way of knowing that this will indeed happen,
and hence the need for the detailed demonstration presented in the next sections.

Amplifying the previous point, notice that the PT works perfectly well in the con-
text of non-covariant gauges (in fact it was first carried out in such a gauge), where
the ghosts are decoupled from the S-matrix. Spectacularly enough, the PT pro-
cedure produces completely dynamically the necessary ghost sector, from the STIs
that are triggered.

Perhaps the most compelling fact that demonstrates that the PT and the BFM are
intrinsically two completely disparate methods is the following: one can apply the
PT within the BFM. For example, the PT can be used to combine pieces of Feynman
graphs in the background Landau gauge, just as in any other gauge, and the usual
PT results (those of the BFG) emerge. Operationally this is easy to understand:
away from g = 1 even in the BFM there are longitudinal (pinching momenta) that
will initiate the pinching procedure. Ultimately, the BFG is singled out because of
the total absence, in this particular gauge, of any such longitudinal momenta.

We emphasize that the PT construction goes through unaltered under circumstances
where the BFM Feynman rules cannot even be applied. Specifically, if instead of
an S-matrix element one were to consider a different observable, such as a current-
current correlation function or a Wilson loop (as was in fact done by Cornwall in the
original formulation [[[4], and more recently in [20]) one could not start out using the
background Feynman rules, because all fields appearing inside the first non-trivial
loop are quantum ones. Instead, by following the PT rearrangement inside these
physical amplitudes the unique PT answer emerges again.

2.4 The pinch technique as a gauge-invariant truncation scheme

Let us now see how the standard one-loop PT construction contains the seed of a gauge-

invariant truncation scheme for the SDE of the gluon self-energy. This exercise may seem

trivial at first, in the sense that no truncation is really needed, given that the two diagrams

comprising the full answer are elementary to calculate. However, it illustrates exactly how

the PT rearrangement furnishes a transverse one-loop approximation for the conventional

gluon self-energy, even if the (modified) ghost loop is omitted.

In what follows we will use dimensional regularization, and will employ the short-hand

notation [, = [ d’k/(2m)¢, where d = 4 — € is the space-time dimension. The conventional
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Figure 3: The conventional one-loop gluon self-energy before (first line) and after (second line) the
PT rearrangement. A gray circle at the end of an external gluon line denotes that the corresponding
gluon behaves as if it were a background gluon.

one-loop self-energy in the Feynman gauge, to be denoted by Halﬁ)(q), is given by the
diagrams (a) and (b) in figure f] (we set the “seagull”-type contributions directly to zero,
using the standard result [, k= = 0). As is well known, neither (a) nor (b) is transverse,

and it is only their sum that furnishes a transverse answer for HSB) (q). Specifically, setting

2 2\ ~3
2 . g € q
— 0,21 (—) LI 2.16

Ha) =i A4sn2 \2 (,u2> (2.16)
with C'4 the Casimir eigenvalue of the adjoint representation (C4 = N for SU(V)), and
dropping irrelevant constants, we have

1
(a)ap = 1 F(@*)(19¢° gap — 224a4p),

(B)as = 3 16) (@005 + 24ads).

1143(q) = 562 (¢*)Pas(q). (2.17)

The application of the PT amounts to carrying out the following rearrangement of the
two elementary three-gluon vertices

Taw T = [Th, +Thy] [T5" +T5" ]

auy auy Jé] Jé;
= Thu 5" + Dol + Do T = T0, 5. (2.18)

Then, using the elementary WIs of eqs. (2.14) and (R.1§) we have that

Fguurgy + Fa,uurg "= _4q2Paﬁ(Q) - Zkakﬁ - Z(k + Q)a(k + Q)B7 (2'19)
FEMVFE we— 2]€ak,3 + (kaq,B + Q(xk,@)a (220)

where some terms have been set to zero by virtue of the dimensional regularization result
J,, k=% = 0. Thus, one can cast H((xlﬁ)(q) in the following form:

?Pos(q)
20 2/%. 92.21
A9 | Rt gr &

Fuv
) () = 49" / Lawls™ / (2k + q)a(2k + 9
o 2 |Jk K (k+q)? ko KA(k+9)?
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Figure 4: Schematic representation of the pinching contributions one needs to consider away from
the Feynman gauge £ = 1.

It is elementary to verify that each of the two terms in the square bracket on the r.h.s.
of (B.21) are transverse; thus the PT rearrangement has created three manifestly transverse
structures. That in itself might not be so important, if it were not for the fact that
these structures admit a special diagrammatic representation and a unique field-theoretic
interpretation. Specifically, the two terms in the square bracket correspond precisely to
diagrams (a) and (3) defining the one-loop gluon self-energy in the BFG, to be denoted
by ﬁgg(q)kQ:l; note in particular the symmetrized gluon-ghost coupling. Thus, it is as
if the external gluons in (a) and (b) had been converted dynamically into background ones.
As explained in [, the third term on the r.h.s. of (:2])) is the one-loop expression of
a special auxiliary Green’s function, to be defined shortly; it corresponds to diagram (c)
in figure f§, and is generated from the first term on the r.h.s. of (2.I4). The one-loop PT
self-energy, to be denoted by ﬁsﬁ)(q), is obtained by simply dropping this last term from
the r.h.s. of (R.21)); this defines the “intrinsic” PT [[[J]. The completely equivalent way of
saying this, corresponding to the “S-matrix” PT [[[4], is that the term corresponding to
graph (c) cancels exactly against a propagator-like contribution extracted from the vertex
graphs contributing to the full S-matrix element that one considers. Notice that this is true
only in the Feynman gauge: away from £ = 1 additional pinching contributions need to be
considered, e.g., the ones coming from box and self-energy correction diagrams (figure ff).

To see how the aforementioned cancellation comes about, let us now imagine that
the gluon self-energy H((llﬁ) (¢) is embedded into a physical process, such as the S-matrix
element for the quark-quark elastic scattering process ¥ (r1)¢(r2) — ¥(p1)¥(p2), with
q = 11 — ro = py — p1 being the momentum transfer. The one-loop quark-gluon vertex
consists of the two graphs shown in figure [l Let us concentrate on the non-Abelian

diagram (d), and carry out the vertex decomposition of eq. (R.19) [L15]:

1o [ Tawn” SO+ p )"

= Lpcu [/ Loyt S + )" + / Loy SO (F + py)*
2 k

k2 (k + q)° k2 (k + q)? (222)
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Figure 5: The one-loop quark-gluon vertex appearing in the quark-quark elastic scattering process.

The first term on the r.h.s. of the second line is the pure vertex-like part of (d), while the
second term is purely propagator-like, as can be easily established using the elementary WI

k¥ = (k+p—m) — (p—m) (2.23)

The first term on the r.h.s. of (£.23) removes (pinches out) the internal bare quark prop-
agator So( + p), whereas the second vanishes on shell, since @(p2)(p2 —m) = 0 and

(#1 — m)u(p1) = 0. Thus,

Pg v VS(O) + K irzge 1
/ w - G 2%)7 Dizacsa. 21'/ ———Ya- (2.24)
K k(K + q) kK2 (k+q)
The self-energy-like contribution from the two vertex graphs (mirror graph included), to be
denoted by HSB)P (¢), is given by (longitudinal pieces may be added for free, due to current
conservation )
2
(P o [ " Pas(a)
11 =2C —_—. 2.25

The PT one-loop quark-gluon vertex, to be denoted by f“g (p1,p2), is given by [I§]

Ca / T8 SOk + p)n"
2 ), R(k+q)

1.g(0) a g(0)
- <%_Cf>/kv (%+pz>z2 (%+p1m]’ (2.26)

ir'e(p1,p2) = g*t" [

where Cy is the Casimir eigenvalue of the fundamental representation [Cy = (N? —1)/2N
for SU(N)]. Now it is easy to derive the QED-like WI that the I'%(p;, p2) satisfies. Us-

ing (R-13), we have that

q“T'a(p1,p2) = _iggtaof L2 L2

/ P#SOR+p)w / SO ¥ +p)
k k

— igta [E(pl) - z(pz)} , (2.27)
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where ¥(p) is the one-loop quark self-energy in the Feynman gauge 7, ).
Returning to the gluon self-energy, ﬁsﬁ) (q) is defined as

) (q) = ) (0) + 155 (g). (2.28)

After carrying out the integrals one obtains

@aﬁ = 10q F(@®) Pasla),
(b)aﬁ = ( )Paﬁ( )
(€)ap = —6q F(q%) Pag(q), (2.29)

and thus [[[J]

1(q) = @)ap + (b)ag
= 11¢°£(¢*) Pas(9) = T(9)|eg1- (2.30)

Note that the second line of (2.30) expresses the PT-BFG correspondence at one loop [R6].
Then, eq. (R.21)) assumes the alternative form

HS@(Q) = ﬁ,(llg)(Q) +()ap- (2.31)

As has been explained in detail in [B4], and as we will see in the following sections, eq. (2.31)
is the one-loop version of a general identity [BF], which we will call “Background-Quantum”
identity (BQI) [B4], relating the conventional and the BFM self-energies in terms of an
auxiliary Green’s function, corresponding to graph (¢). This identity is valid to all orders in
perturbation theory, as well as non-perturbatively, and may be obtained either formally, by
resorting to the Batalin-Vilkovisky (BV) formalism, or diagrammatically, as a by-product
of the PT rearrangement of the conventional SD series; as we will see, in this latter case
no reference to the BV formalism is necessary.

Let us now focus on HSB) (¢) and imagine for a moment that no ghost loops may be

considered when computing it, i.e., the graphs (Z)Qﬁ must be omitted; in a SDE context
this “omission” would amount to a “truncation” of the series. One may still obtain a
transverse approximation for Hsﬁ)(q) with no ghost-loop, given by

() (q) = (@ap + (¢)ap = 46°F(4*) Pap(a)- (2.32)

Interestingly enough, the PT rearrangement offers already at one-loop the ability to trun-
cate gauge-invariantly, i.e., preserving the transversality of the truncated answer.

2.5 The new Schwinger-Dyson series

The implementation of the PT at the level of the SDE has been studied first in the context
of scalar QED [Bf]. The corresponding construction in the case of quarkless QCD has
been recently carried out in a short communication [[[J], where we restricted ourselves to
the SDE of the gluon propagator. As has been explained there, the PT rearrangement
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Figure 6: The new Schwinger-Dyson series projected out dynamically by the PT algorithm. The
symmetry factors are in this case s(di,ds,dg) = 1/2, s(ds) = 1/6, and all the remaining diagrams
have s = —1.

gives rise dynamically to a new SD series (see figure [f]), with the following characteristics:
on the r.h.s. we have graphs that are made out of new vertices, but contain inside them
the same gluon propagator as before, namely A,z(q). The new vertices, to be denoted
by F‘;Z”V", F‘mm I‘gﬁ% , ng;}"’“, correspond precisely to the Feynman rules of the BFM
in the Feynman gauge, i.e., as already seen explicitly in the one-loop case, it is as if the
external gluon had been converted dynamically into a background gluon. The Lh.s. is
composed from the sum of three terms: in addition to the term A‘l(q2)Pa5(q), present
there from the beginning, we have two additional contributions, 2G(q?)A~!(¢%)Pas(q) and
G*(¢*)A71(q?)Pap(q), which appear during the PT rearrangement of the r.h.s. (and are
subsequently carried to the Lh.s.). The quantity G(¢?) is a special function, defined in
terms of the gluon and ghost propagators as well as the auxiliary function H,g of figure [
Specifically, define the following two-point function A,g(q), (we suppress color indices)

¢)=Ch /k HOD(k)A™ (g — k) Hyp(g — b, ~q), (2.33)

with the diagrammatic representation shown in figure []. Then, G(q?) is defined as i times
the component of A,3(q) multiplying g,g, namely

Aap(@) = i9asG(d®) + -, (2-34)

where the omitted terms are proportional to g,gs. Thus, the term appearing on the Lh.s.
of the new SDE is A™1(¢?)[1 + G(¢?)]*Pag(q). So, one may write schematically

or, equivalently, casting it into a more conventional form with the inverse of the unknown
quantity isolated on the Lh.s., as

2 { 1 i)
A_l(qz)Paﬁ(Q) = 1 Paﬁ(ﬁ)_:_c(zq:;ﬁ; (d ) B‘ (2'36)
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Figure 7: Diagrammatic representation of the auxiliary function A.

This new SD series has a very special structure. Let us first separate the diagrams on
the r.h.s. into four obvious categories: one-loop (dressed) gluonic contributions [(d;) and
(d2)], one-loop ghost contributions [(d3) and (d4)], two-loop gluonic contributions [(d5) and
(dg)], and two-loop ghost contributions [(d7), (dg), (dy) and (dig)]. It turns out that, by
virtue of the all-order W1 satisfied by the full vertices fgng, fg"m, fgngg , fgg}"f appearing
in the various diagrams, the contribution of each of the four subgroups is individually
transverse. Specifically, the four fundamental all-order WIs are given by

qafgﬂf(q, ki ko) = gf ™™ (A (k1) — A (ks)] (2.37)
" T (q, ky, k2) = igf™™™ [D~ (k1) — D~} (k2)] , (2.38)
GO Tm (4 Ky ko, k) = gf “UTM (g 4 Koy ks, ki) + gf 9T (g + ks, K, k)
+gf T (g + Ky, ko, k), (2.39)
GO T (g, ey, ko, ks) = —gf T (q + ka, ko, ks) — g T (ki q + ko, k)
—g T (ky, ka, g + ks). (2.40)

Using these WIs one may show after some elementary operations that [B7]

q* [(d1) + (d2)],5 = 0,
g [(d3) + (da)],5 = O,
q“ [(ds) + (d¢)] o = O,
g [(d7) + (ds) + (dg) + (d10)],5 = O (2.41)

[Notice that the one-loop dressed fermionic contributions (d11) trivially satisfy this transver-
sality property.]

As has been pointed out in [[J], this special property has far-reaching practical conse-
quences for the treatment of the SD series. Specifically, it furnishes a systematic truncation
scheme that preserves the transversality of the answer. For example, keeping only the di-
agrams in the first group, we obtain the truncated SDE
A_l(q2)Paﬁ(Q) _ q2Pa,B(Q) + Z[(dl) + (d2)]0¢,3,

[1+G(¢?)]?
and from the first equation of (R-41]) we know that [(d1) + (d2)]ap Is transverse, ie.,
[(d1) + (d2)]ag = (d — 1) [(d1) + (do)]ti Pap(q). Thus, the transverse projector Pg(q) ap-
pears ezactly on both sides of (R.42); one may subsequently isolate the scalar cofactors on

(2.42)

both sides obtaining a scalar equation of the form

o () T (@)
A =G

(2.43)
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A truncated equation similar to (R.42) may be written for any other of the four groups, or
for sums of these groups, without compromising the transversality of the answer. The price
one has to pay for this advantageous situation is that one must consider in addition the
equation determining G(q?), i.e., the g5 part of eq. (B:33). This price is, however, rather
modest, given that eq. (P.33) may be approximated introducing, for example, a dressed-
loop expansion (see figure fl), without jeopardizing the transversality of II,3(q), given that
[14 G(¢?)])? affects only the size of the scalar prefactor.

In going from eq. (R.3§) to eq. (R.3G) one essentially chooses to retain the original
propagator A(q) as the unknown quantity, to be dynamically determined from the SDE.
There is, of course, an alternative strategy: one may define a new “variable” from the

quantity appearing on the Lh.s. (R-35), namely
A -2
Alg) = [1+G(¢*)] " Ag), (2.44)

which leads to a new form for (2.3H),

o~

11
R (@2 Pagla) = *Pas(a) + 13 (di)as. (2.45)
=1

Obviously, the special transversality properties established above holds as well for eq. (2.49);
for example, one may truncate it gauge-invariantly as

A NG Pap(q) = ¢ Pu(q) +il(dr) + (d2)]ap- (2.46)

-~

Should one opt for treating A(g) as the new unknown quantity, then an additional
step must be carried out: one must use (R.44) to rewrite the entire r.h.s. of (R-49) in terms
of A instead of A, i.e., carry out the replacement A — [1 + G]2 A inside every diagram on
the r.h.s. of eq. (B.45) that contains A’s.

Let us discuss further these two versions of the SDE. Eq. (P-49) furnishes a gauge-
invariant approximation for the conventional gluon self-energy A(q), whereas eq. (2.47) is
the gauge-invariant approximation for the effective PT self-energy A. The crucial point is
that one may switch from one to the other by means of eq. (R.44). For practical purposes
this means for example, that one may get a gauge-invariant approximation not just for
the PT quantity (background Feynman gauge) but also for the conventional self-energy
computed in the Feynman gauge. Eq. (R.44)), which is the all-order generalization of the
one-loop relation given in eq. (R.31)), plays an instrumental role in this entire construction,
allowing one to convert the SDE series into a dynamical equation for either A(q) or A(g).

3. The formal machinery

The extension of the PT algorithm to the SDEs of QCD is a challenging exercise, mainly due
to the large amount of different Green’s functions one needs to manipulate in the process.
Most of these Green’s functions are generated when longitudinal momenta trigger the STIs
satisfied by specific subsets of fully dressed vertices appearing in the ordinary perturbative
expansion. Due to the non-linearity of the BRST transformation [see eq. (B.§) below] they
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involve composite operators; specifically, they are of the type (0|T[s®(z) - --]|0) with s the
BRST operator and ® a generic QCD field.

It turns out that the most efficient framework for dealing with this type of quantities
is the BV formalism, allowing the construction of these auxiliary (ghost) Green’s functions
in terms of a well-defined set of Feynman rules. In addition, this formalism furnishes a set
of useful identities (the BQIs mentioned in the previous section), relating Green’s functions
involving background fields to Green’s functions involving quantum fields.

In this section, we fix our conventions, present the QCD Lagrangian and its gauge- fix-
ing procedure (concentrating, in particular, on the conventional R¢ gauges and the BEM),
and briefly review the BV formalism. Then, we proceed to describe how one can extract
from the master equations the all-order STIs and BQIs needed in the coming PT construc-
tion, postponing their actual derivation to the appendix [J and [H. We will also describe
how to derive the so-called Faddeev-Popov equations (see also appendix [J). Finally, in
the process of describing all the above topics, we will introduce a particularly compact
notation for Green’s functions, which encodes unambiguously all relevant information (i.e.,
the particle content, Lorentz and color structure, and momenta flow).

3.1 QCD Lagrangian and gauge fixing schemes
Throughout the paper we will adopt the conventions of the book by Peskin & Schroder [Bg).
The QCD Lagrangian density is given by

L =L+ Lagr + Lrpc. (3.1)

L represents the gauge invariant SU(3) Lagrangian, namely
1
4

where a = 1,...,8 (respectively i,j = 1,2, 3) is the color index for the adjoint (respectively

EI - FéwFﬁu + 1/;% (Z"Y“DM - m)ij 1/157 (32)

fundamental) representation, while “f” represents the flavor index. The field strength is

F%, = 0,A% —9,A% + g f“bCAZA,i, (3.3)

and the covariant derivative is defined according to

(Du)ij = 0u(D)ij — ig AL ()i, (3.4)

with g the (strong) coupling constant. Finally, the SU(3) generators ¢* satisfy the commu-
tation relations

[te, ] = 4 fabete, (3.5)
with £ the totally antisymmetric SU(3) structure functions.
Lcr and Lppg represent respectively the (covariant) gauge fixing Lagrangian and its asso-
ciated Faddeev-Popov ghost term. The most general way of writing these terms is through
the expressions

Lop = —g(BaF + B*F°, (3.6)
Lrpg = —c%sF°. (3.7)
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In the formulas above F“ is the gauge fixing function, and the B® are auxiliary, non-
dynamical fields (the so called Nakanishi-Lautrup multipliers) that can be eliminated
through their (trivial) equations of motion; ¢* (respectively, ¢*) are the ghost (respectively,
anti-ghost) fields, and, finally, s is the BRST operator, with the BRST transformations of
the QCD fields given by

1
SAZ: uca_‘_gfabcAZCc SCa:—igfabchCC,
ST/)% = igca(ta)ing sc® = Ba’
st = —ige ] (t);i sB* = 0. (3.8)

We thus see that the sum of the gauge fixing and Faddev-Popov terms can be written as
a total BRST variation:

Lor + Lrpg = § <Ea.7'-a - gEaBa> . (3.9)

This is of course expected, since it is well known that total BRST variations cannot appear
in the physical spectrum of the theory. For our purposes, the gauge-fixing functions of
interest are the ones corresponding to the R¢ (renormalizable { gauges) and the BFM,
which we describe in what follows.

1. In the usual R, gauges, the gauge fixing function is chosen to be .7-"}%& = OMAY;
therefore one finds
1
= —(0"A%)? 1
Lor = 50" A% (3.10)
Lypg = O'E"0uc” + gf (") Al (3.11)

2. In the case of the BFM, one starts by splitting the gluon field into a background part,

Aj, and a quantum part, Aj. Notice that the BRST variation of the background

field will be zero, but the latter will enter in the variation of the quantum one, since
SA% = 8, + gfre(Ab + AY)ee (3.12)
The gauge fixing function is
Foen = (DFA,)°
= OMAS + gf oAb AL, (3.13)

which gives in turn

1 a 1 abc a\ Ab Av 1 abe pede ga Ac Av
Lor = (040 + 2o O AN DAL + S AALRAL (314)
Lrpg = O 0,c + g foo(0Me) Abce + g fobo(aMe) Ab e — g frbeze AL (9Mc°)
_g2fabefcdeEaAZ(Ag + AZ)Cd. (3.15)

We thus see the appearance of the characteristic ghost sector for the interaction with
background gluons, consisting in a symmetric Ac¢ ghost vertex and a four particle
AAcc one.
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3.2 Green’s functions: conventions

The Green’s functions of the theory can be constructed in terms of time-ordered products
of free fields <I>(1) e <I>9L and vertices of the interaction Lagrangian Ly (constructed from
the pieces of £ which are not bilinear in the fields) through the standard Gell-Man-Low
formula for the 1PI truncated Green’s functions

Loy, (X1, 2n) = (T[P1(z1) - (I)n(xn)blpl
— (T[0(1) - - B2 ()] exp(—i / Ao Lo))PL (3.16)

The complete set of Green’s functions can be handled most efficiently by introducing a
generating functional, which in Fourier space reads

oo =2, S/ ) I R

with p; the (in-going) momentum of the ®; field. Since in perturbation theory I'g,...s, is
a formal power series in h, we will denote its m-loop contribution as FE;L.)“%. Then, in
terms of the generating functional I'[®] any of the Green’s function of the theory can be
obtained by means of functional derivatives:

. 5nT
6®1(p1)6®2(p2) -+ 6P (pn) [g,—0

Fe,..d, (D1, Dn) =1 (3.18)

where ®(p) denotes the Fourier transform of ®(z) and our convention on the external
momenta is summarized in figure f§. From the definition given in eq. (B.I§) it follows that
the Green’s functions i "I'g, ..., are simply given by the corresponding Feynman diagrams

in Minkowski space. Finally, notice that upon inversion of two (adjacent) fields we have

Loyt @100, (P1s -+ s Pis Pit1s -3 Pn) = FL 0110400, (P15 - -+ 3 Dik 15 Dis + + + 5 Py
(3.19)
with the minus appearing only when both fields ®; and ®;,1 obey Fermi statistics.

The Green’s functions constructed so far are sufficient for building all possible am-
plitudes involved in the S-matrix computation; however, due to the non-linearity of the
BRST transformations [eq. (B-§)], they do not cover the complete set of Green’s functions
appearing in the STIs of the theory (and therefore needed for its renormalization, as well
as the PT construction).

3.3 A brief introduction to the Batalin-Vilkovisky formalism

In this subsection we review briefly the BV formalism [BY, which allows one to obtain both
the STIs as well as the BQIs of the theory at hand. In order to simplify the notation (and
since they will not play any role in what follows) we will suppress from now on all spinor
indices (both flavor and color).

Let us then start by introducing for each field ® appearing in the theory a corre-
sponding anti-field, to be denoted by ®*. The anti-field ®* has opposite statistics with
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Figure 8: Our conventions for the (1PI) Green’s functions I's,...s, (p1,-..,Pn). All momenta
P2,...,Pn are assumed to be incoming, and are assigned to the corresponding fields starting from
the rightmost one. The momentum of the leftmost field ®; is determined through momentum
conservation (), p; = 0) and will be suppressed.

o (A yld]c]e]a el ]e]e]a
gh@ [ o folof1][1]-1]-1]-1]2[0]1
st(®) | B|F|F|F|F|F |[B|B|B|B|F

Table 1: Ghost charges and statistics (B for Bose, F for Fermi) of the QCD fields, anti-fields and
BFM sources.

respect to ®; its ghost charge, gh(®*), is related to the ghost charge gh(®) of the field
¢ by gh(®*) = —1 — gh(®). For convenience, we summarize the ghost charges and statis-
tics of the various QCD fields and anti-fields in table . Next, we add to the original
gauge invariant Lagrangian a term coupling the anti-fields with the BRST variation of the
corresponding fields, to get

Lpy = L1+ LBRsT,
LersT = »_ *s®
@

1 _ _
= A7 (0Mc" + gfabcAch) — ng“bcc*“cbcc + g™t — igc® Pty (3.20)

Then, the action T') [®, ®*] constructed from Lpy, will satisfy the master equation

(0)
/ ZM)* or =0. (3.21)

To verify this, observe that, on one hand, the terms in 6T'(©) /0@ that are independent from
the anti-fields ®* are zero due the BRST (actually the gauge) invariance of the action

(0)
/ d*z Z SOt P / d'z(sTV[®]) = 0; (3.22)
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on the other hand, terms in 6I'®) /6@ that are linear in the anti-fields vanish due to the
nihilpotency of the BRST operator

/d4x 3y s@"sgf) — /d4x %: $® = 0. (3.23)

o,/

Now, since the anti-fields are external sources, we must constrain them to suitable
values before we can use the action T(®) in calculations of S-matrix elements [25]. To that
end, we introduce an arbitrary fermionic functional, W[®], with ghost charge -1, and set
for all the anti-fields ®*

. OV[D]
o= (3.24)
Then the action becomes
U(d
rO[®, 69/68] = T\V[®] + (s<1>)55—<[1>]
= TV[®] + s T[], (3.25)

and therefore, choosing the functional ¥ to satisfy the relation
sU = /d4w (Lgr + Lrpa) , (3.26)

we see that the action T'©) (obtained from Lgy) is equivalent to the gauge-fixed action
obtained from the original Lagrangian £ of eq. (B.1]). The functional ¥ is often referred to
as the “gauge fixing fermion”.

The BRST symmetry is crucial for endowing a theory with a unitary S-matrix and
gauge-independent physical observables; therefore, it must be implemented to all orders.
For doing so we establish the quantum corrected version of the master equation (B.21) in
the form of the STI functional

6T 6T
S(T)[®] :/d43: 553
P
SR PO . B S S . S
- SAW SAm T Serm s Gyt g 0w G o
=0, (3.27)

where I'[®, *] is now the effective action.

In order to simplify the structure of the STI generating functional of eq. (B.27), let
us notice that the anti-ghost ¢* and the multiplier B¢ have linear BRST transformations;
therefore they do not present the usual complications (due to non-linearity) of the other
QCD fields. Together with their corresponding anti-field, they enter bi-linearly in the
action, and one can write the complete action (which we now explicitly indicate it with a
C subscript) as a sum of a minimal and non-minimal sector

T (@, &) = TO[AL, A2y, 0% ), %, ", &) + e B, (3.28)
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The last term has no effect on the master equation (B:21)), which is satisfied by T'(®) alone;
the fields {Aﬁ,AZa,w,w*,lﬁ,zﬁ*,ca,c*“} are then often called minimal variables while ¢*
and B® are referred to as non-minimal variables or “trivial pairs”. Equivalently one can
introduce the minimal (or reduced) action by subtracting from the complete one the local
term corresponding to the gauge-fixing Lagrangian, i.e.,

I'=I¢c— /d4x LaF. (3.29)

In either cases, the result is that the STI functional is now written as

T 6T oI 6T 6T 6T 4T 6T
_ 4 R — _ =
S(T)[®] = /d x{éA:# AT *5emsen s on o (w*} 0. (3.30)

In practice, the STIs generated from the functional of eq. (B.30) coincide with the one
obtained by the complete one after the implementation of the Faddeev-Popov equation
described in the next subsection [i0]. One should also keep in mind that the Green’s
functions involving unphysical fields generated by the minimal functional coincide with the
ones generated by the complete functional only up to constant terms proportional to the
gauge fixing parameter, e.g., I'4,4,(q) = FEMAV (q) — i€ 'quq,. We will discuss further
the differences between employing the complete and minimal generating functionals in the
appendix D] and .

Taking functional derivatives of S(I')[®] and setting afterwards all fields and anti-fields
to zero will generate the complete set of the all-order STIs of the theory; this is in exact
analogy to what happens with the effective action, where taking functional derivatives of
I'[®] and setting afterwards all fields to zero generates the Green’s functions of the theory,
see eq. (B.1§). However, in order to reach meaningful expressions, one needs to keep in
mind that:

1. §(T') has ghost charge 1;

2. functions with non-zero ghost charge vanish, since the ghost charge is a conserved
quantity.

Thus, in order to extract non-zero identities from eq. (8.3() one needs to differentiate the
latter with respect to a combination of fields, containing either one ghost field, or two ghost
fields and one anti-field. The only exception to this rule is when differentiating with respect
to a ghost anti-field, which needs to be compensated by three ghost fields. In particular,
identities involving one or more gauge fields are obtained by differentiating eq. (B.3() with
respect to the set of fields in which one gauge boson has been replaced by the corresponding
ghost field. This is due to the fact that the linear part of the BRST transformation of the
gauge field is proportional to the ghost field: SAZhinoar = 0,,c*. For completeness we notice
that, for obtaining STIs involving Green’s functions that contain ghost fields, one ghost
field must be replaced by two ghost fields, due to the non linearity of the BRST ghost field
transformation [sc® oc f%°cbc?, see eq. (B.§)]. The last technical point to be clarified is the
dependence of the STIs on the (external) momenta. One should notice that the integral
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over d*r present in eq. (B.3(]), together with the conservation of momentum flow of the
Green’s functions, implies that no momentum integration is left over; as a result, the STIs
will be expressed as a sum of products of (at most two) Green’s functions.

An advantage of working with the BV formalism is the fact that the STI functional
of eq. (B.30) is valid in any gauge, i.e., it will not be affected when switching from one
gauge to another. In particular, if we want to consider the BFM gauge, the only additional
step we need to take is to implement the equations of motion for the background fields at
the quantum level. This latter step is achieved most efficiently by extending the BRST
symmetry to the background gluon field, through the relations

~

sAL = Q7 sQ =0, (3.31)

where Q/’f represents a (classical) vector field with the same quantum numbers as the gluon,
ghost charge +1 and Fermi statistics (see also table [[). The dependence of the Green’s

functions on the background fields is then controlled by the modified STI functional

y@w@:sww@+/&%9%<@/—&ﬂ):a (3.32)
5 A,T 6AZL
where I denotes the effective action that depends on the background sources Q) (with
I' =TV|g=0), and S(I')[®] is the STI functional of eq. (B.30). Differentiation of the STI func-
tional (B.39) with respect to the background source and background or quantum fields will
then provide the so called BQIs, which relate 1PI Green’s functions involving background
fields with the ones involving quantum fields. The BQIs are particularly useful in the PT
context, since they allow for a direct comparison between PT and BFM Green’s functions.
Finally, the background gauge invariance of the BFM effective action implies that
Green’s functions involving background fields satisfy linear WIs when contracted with the
momentum corresponding to a background leg [see, e.g., egs. (B-37) — (B-40)]. These WIs
are generated by taking functional differentiations of the WI functional
M@W}:/#xEZQm)Qézzm (3.33)
Py “ 0P ’

where 9%(x) are the local infinitesimal parameters corresponding to the SU(3) generators
t® that now play the role of the ghost field. The transformations §y® are thus given by

§9 A% = gf e ALY° G AL = 0,0" + g e AL,
5196(1 — _gfabccb,ﬂc 5195(1 — —gfabcébﬁ‘c,
Syt = ig?™ (t*)ij St = —ig0™ ] (t) i, (3.34)

and the background transformations of the anti-fields dy®* coincide with the gauge trans-
formations of the corresponding quantum gauge fields according to their specific represen-
tation. Notice that, in order to obtain the WI satisfied by the Green’s functions involving
background gluons g, one has to differentiate the functional (B.33) with respect to the
corresponding parameter 9J.
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All the STIs and BQIs needed for the PT construction carried out in the rest of this
paper, together with the method of constructing the auxiliary functions appearing in these
identities, are reported in appendix [ and [, respectively.

3.4 Faddeev-Popov equation(s)

The final ingredient needed for carrying out the PT program for SDEs is the derivation
of the so-called Faddev-Popov equation (FPE). The FPE depends crucially on the form of
the ghost Lagrangian, which, in turn, depends on the gauge fixing function [see eq. (B.7)].
In what follows we will first present the corresponding derivation in the R¢ gauges, and
then in the BFM.

To derive the FPE in the R¢ gauges, one observes that in the QCD action the only term
proportional to the anti-ghost fields comes from the Faddeev-Popov lagrangian density,
which can be rewritten as

Re L or
Lppg = —¢"0"(sA)) = —c" o 514}7%' (3.35)
Differentiation of the action with respect to ¢* then yields the FPE in the form of the
identity
or or
9 g —
sam +0 5 0, (3.36)

so that, taking the Fourier transform, we arrive at

or or
_ 1t g
52 + iq 514}7% 0. (3.37)

Thus, in the R¢ case, the FPE amounts to the simple statement that the contraction of a
leg corresponding to a gluon anti-field (A)™) by its own momentum (g*) converts it to an
anti-ghost leg (¢™). Functional differentiation of this identity with respect to QCD fields
(but not background sources and fields, see below) furnishes useful identities, that will be
used extensively in our construction.

For obtaining FPEs for Green’s functions involving BFM gluons and sources, one has
to modify eq. (B.37), in order to account for the presence of extra terms in the BFM gauge
fixing function (and therefore in the BFM Faddeev-Popov ghost Lagrangian). To that end,

eq. (B-35) gets rewritten as

LBEM __ zmap or’ — gfm™nr g, &MY AP — g fmnT EmA\V(S_F/ (3.38)
FPG — (5A;'1m g Gvp n‘ir g Jvp néA:;N .

and so, after differentiation with respect to the anti-ghost field, and taking the Fourier
transform, we have in the BFM case

(5F/ 6P/ Y 5F/
. mnr y QY AP mnr y A — =0. )
som T 5Azm+gf GupS Ut AL+ g™ gup g =0 (3.39)

The specific FPEs needed for the PT construction are reported in appendix [J.
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Figure 9: The S-matrix one-loop PT setting for constructing the gluon propagator. The external
particles are left unspecified since they can be both quarks as well as gluons. The kernels ()
appearing in diagram (b) are the tree-level version of the one shown in Figs [ and [[§ (depending
on the external particles chosen) and therefore contains only the 1PR terms shown there. Three
diagrams having the kernels on the opposite side are not shown.

3.5 The (one-loop) PT algorithm in the BV language

Before entering into the intricacies of the SDEs, it is important to make contact between
the PT algorithm and the BV formalism. This is best done at the one-loop level, since in
this case all calculations are rather straightforward and it is relatively easy to compare the
standard diagrammatic results with those coming from the BV formalism. This comparison
will (4) help us identify the pieces that will be generated when applying the PT algorithm,
and (i7) establish the rules for distributing the pieces obtained in (i) among the different
Green’s functions appearing in the calculation.

The starting point is the embedding of the (one-loop) gluon propagator into an S-
matrix element (figure [), exactly as done in subsection P.4 Then, carrying out the
PT decomposition I' = ' 4+ ' on the tree-level three-gluon vertex of diagram (b) [see

eq. (EID)], we find

(®) = (" + )", (3.40)
1 —— 0)u' 0)v'v 0
0 = —39f /kl (9o K1y = Gagrkau ) AT (k) ALY (k2)’CE4:)?AWZ(k2’p2’_p1)'
(3.41)

Of couse, k1 and ko are not independent, since ko = g — ky; thus, we have

P o | ko AQE ) A (k)KL (ke pa, 1)

" A An )
= Gt | A (k) A (k)KD (K1 p2, —p1)

. Apr A
am/n/ 0 ! 0 I/lV 0
S /k 1 e D )AL (R)KS, 4o (k2 p2, =), (3.42)

and we see that the contributions of the two longitudinal momenta add up, thus removing
the 1/2 symmetry factor (this is clearly an all-order result, since the above derivation does
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not depend on the various Green’s functions and kernels being at tree-level). Therefore
we obtain

(b)P _ _gfamngu / k2 k2 k“’Ci‘r)nAnww(k‘??p% p1) (3.43)

On the other hand, using the results

k%ng?)n’(kl) _ 6mm’7 P(?z gy = = gg" fm dn I’(?z o =0, (3.44)

we find that the STI of eq. (D.29) reduces to

(0) _ dmn(0) (0) (0)
k?’CA,TAEW(@’p?’_pl) = —99.f FAdW(pz,—p)Jer (P1K g pom e (P25 K1, —p1)

0
K e e P2, =P1, kDT E (). (3.45)
At this point the calculation is over and one needs to reshuffle the pieces generated. First
of all, notice that when the external legs are on-shell the last two terms of the above STI
drop out, by virtue of the (all-order) equations of motion

T8 (p2)u(p2) T (3.46)
apr |, =0 (3.47)
=m

Thus, making use of eq. (E.9) we are finally left with the result

a 0
( ) = g2CA5 dga/ F?Pﬁl‘zdﬂl}(p%_pl)
= T (=T (p2,—p1). (3.48)
Q2 A Adapp

Notice that, as explicitly shown in appendix [H, the auxiliary function g, Ay [see eq. (E.9)
and figure P4 coincide with the function A,g [see eq. (B-33) and figure [i] to all orders

Aap(q) =Ta,a5(0). (3.49)

Thus the scalar function G(g?) introduced earlier in section P-j corresponds also to (i times)
the g,g part of FQQA;.

We can now define the PT (on-shell) quark-gluon vertex, by considering the corre-
sponding Green’s function embedded in the diagrams

)" +(¢) =)+ (¢c) — )
T (po,—p1) =T (po, —p1)+T) o (=)T) (pa,—p1),  (3.50)
v 2 1 A‘éww 2 1 QZAZ'Y Azww 2 1) .

~

:>2FA

Qe

while the PT self-energy will given by the combination

(@) +200)" = T{(g) =1 () + 15 (q). (3.51)
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The factor of 2 comes from the mirror diagram of (b) having the kernel on the left side,
and we have defined [with the aid of eq. (D.10)]

abppP (1 1
ST (0) = ~20() 4 (0)a” Py (0)0™
(1 0
= ZZI‘E); A ( >r543 (@) (3.52)
We can now proceed to the comparison of the PT Green’s function with that of the

BFG, by resorting to the BQIs. Clearly, eq. (B.5()) represents the one-loop version of the
BQI of eq. (E.1J), and we immediately conclude that

(1 1
FE“(%TZJTZJ(p2’ _pl) = Ffzx‘;wd;(p27 _pl) (353)

For the self-energy we have instead [recall that —I'am ap (k) = I, (k)]

aby(1 1 0
ST (0) = ~T) 4 (0) + 270 1 (T (@), (3.54)

which represents the one-loop version of the BQI of eq. (E4), i.e., we have

5 g5(0) = T 3, (@) (3.55)

The procedure just described goes through almost unaltered when choosing the exter-
nal legs of the process to be gluons. In this case

11

2 k:u,CES’LAnATAS (k2,p2, —p1). (3.56)
k1

1) = —gf"gl

and one has from the STI of eq. (D.36) the result

0
k?IC%%LAZLAzAg (k27p27 _pl) = ggufdmnPAgArAs (p27 pl)

+IC£(7)Y2A7LAS A*’Y(k27 p17p2)P£13A7 ( )
’CSBAHATA*V (k2 a2, _pl)rngg (p1)
+IC£(7)2ATA5 A*W (p27 p17 k2)P£13An(k ) (357)

As before, the second and third terms drop out when the external gluons are taken to be
on-shell; thus we are left with the terms

11
(b)P:_FggA* ( )Fi?gArAs (p27 _pl)_gfamnggé i k2 kQICgBATAS *’y(p2, —b1 k2) E43A"(k2)
1

_

QaA*’Y( )Pf(zArAs (p27 _pl) + (b/) (358)

The first term is exactly the PT propagator-like piece encountered in the quark case; this is
the essence of the process independence of the PT. Notice, however, that the second term
was not present before. The action of this term will be discussed in detail in section [.2;
here it suffices to note that it is a vertex-like piece (as is evident from the structure of the

— 929 —



kernel appearing in it) and, therefore, it ought to be allotted to the PT three-gluon vertex.
Thus we can define the PT (on-shell) three-gluon vertex and propagator as before, i.e.,

(0)F + (1) + () + (d) = (b) + () + (d) + (V') = (0)°

(1 (1 1 0
= ZF% Apas (P2, =p1) = Zfﬁxé Ay as (P2, =p1) + ng Azw(—q)Ffﬂ) ArAs (p2, —p1),

() +200)" = T{}(0) = () + 115 (a). (3.5)
The comparison with the BQI of eq. (E.17) shows then that
¢ 1
F(AéAgAg (p2, —p1) = F%AZA?r (P2, —p1), (3.60)
and again we find
abTr(1 1
0TI (q) = —F%é;%(q)- (3.61)

The (one-loop) procedure described above carries over practically unaltered to the
corresponding SDEs. This is due to the fact that: (i) the pinching momenta will be always
determined from the tree-level decomposition of eq. (2.19); (4i) their action is completely
fixed by the structure of the STIs they trigger [eqs. (D-29) and (D.36) for the vertices at
hand]; (4ii) the kernels appearing in these STIs are the same appearing in the corresponding
BQIs; thus, it is always possible to write the result of the action of pinching momenta in
terms of auxiliary Green’s functions appearing in the BQIs.

The only operational difference is that, in the case of the SDEs for the quark-gluon
vertex and the three-gluon vertex, all three external legs will be off-shell. This is of course
unavoidable, given that these (fully dressed) vertices are nested in the SDE of the off-shell
gluon self-energy [see figure f], diagrams (dq1) and (d;), respectively], and their legs inside
the diagrams are irrigated by the virtual off-shell momenta. As a result, the equations
of motion employed above [viz. eq. (B.47)] should not be used in this case; therefore, the
corresponding terms, proportional to inverse self-energies, do not drop out, and form part
of the resulting BQI.

Thus the PT rules for the construction of SDEs may be summarized as follows:

i. For the SDEs of vertices, with all three external legs off-shell, the pinching mo-
menta, coming from the only external three-gluon vertex undergoing the decomposi-
tion (R.12), generate four types of terms: one of them, corresponding to the term (b')
in eq. (B.5Y), is a genuine vertex-like contribution that must be included in the final
PT answer for the vertex under construction, while the remaining three-terms will
form part of the emerging BQIs (and thus would be discarded from the PT vertex).
These latter terms have a very characteristic structure, which facilitates their identifi-
cation in the calculation. Specifically, one of them is always proportional to the auxil-
iary function I'g 4+, while the other two are proportional to the inverse propagators of
the fields entering into the two legs that did not undergo the decomposition of (£.13).

. In the case of the new SDE for the gluon propagator the pinching momenta will only
generate pieces proportional to I'g 4+, which should be discarded from the PT answer
for the gluon two-point function (since they are exactly those that cancel against the
contribution coming from the corresponding vertices).
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Figure 10: The SDE for the quark-gluon vertex. The symmetry factors of the R, diagrams (first
line) are: s(a,b) = 1. s(c) = 1/2, s(d) = 1/6 and s(e) = —1. For the key diagram (c) we show
explicitly the kinematics chosen. In the second line we show the additional topologies present in
the BFM version of the equation [s( 2 g) = —1], generated dynamically by the PT procedure.

4. PT Green’s functions from Schwinger-Dyson equations

After the introduction of the useful tools and basic rules required for the application of the
PT program to the (non-perturbative) case of SDEs, we are ready to describe in detail the
actual construction, starting from the corresponding SDEs written in the Feynman gauge
of the R¢. We will first derive the new SDEs for the two vertices, T A and T AAA, given
that the calculations are easier to work out, and will then address the more complicated
case of the SDE for the PT gluon propagator Taa.

4.1 Quark-gluon vertex

The SDE of the quark-gluon vertex, shown in figure [[(, is the simplest one as far as the PT
construction is concerned, capturing at the same time several of the essential steps that
appear during the application of the PT algorithm to the SDEs of QCD.

We start by carrying out the decomposition of eq. (B-19) on the tree-level vertex ap-
pearing in (c), the only diagram we will touch in our construction. Let us concentrate on
the 'Y part; one has

(C)P:— gfam" / (gcw’kl,u gau’k2u’)A (kl)A (k2),CAmAn¢¢(k72ap27 pl)

= 9" o | —A”” (k2) k1K age ag s (k2, P2, —p1), (1)
1
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Figure 11: Skeleton expansion of the kernel appearing in the SDE for the trilinear quark-gluon
vertex [see diagram (c) of figure [[(]. Black, white, and gray blobs denote 1PI functions, connected
functions, and SD kernels, respectively.

where the kernel K4 4,,; 1s shown in figure [[1. Using the STT of the kernel X Am Anapp given
in eq. (D-29), we obtain from ([.1]) four terms, to be denoted by (s1), (s2), (s3) and (s4), i.e.,

(0)F = (s1) + (s2) + (s3) + (54), (4.2)
with

(31) = gfamfn/gau/ / Dm’m(kl)AZI/Z(k?Q)FCmALLAZW (k’g, —k1 — kz)FA$¢1;(p2’ —pl),
k1

(52) = 9™ Gaw Ty (p1) : D™ (k) ALY (k2)K gy gom g (P2 K, —p1),
1

(s3) = 9F ™" Gaur i D™ (kg ) AL (k) K gp e g (P2 — D1, k1) Dy (p2),
1

(s4) = gfamfn/gau/ /k Dm,m(kl)AZ//I;L(k:Q)FC'mA’:l'Yw,J)(kQ,p2, _pl)FAgALL (k2). (4.3)
1

Next, using eqs. (E.9), (E:14) and (E.IJ), it is fairly straightforward to demonstrate
that

(s1) = —Toa ar (@)L aayg (P2, —p1),
(s2) = —szz/?(l)l)rzmga*(% —p1),
(s3) = _Fwigg(—plaQ)F@ﬁ(m)- (4.4)

Evidently, (s1) gives rise to the PT propagator-like term, while (s3) and (s3) generate the
terms that in the usual S-matrix PT would vanish on-shell, due to the (all-order) spinor
p=m = 0, and ﬂ(pl)sz(pl)ul:m = 0. Of course, in
our case we are not allowed to use the equations of motion, given that the quark legs are
considered to be off-shell.
Let us finally look at the term (s4), and show how it combines with the remaining Ry
diagrams to generate the BFM quark-gluon vertex I' 3 Wi To this end, using eq. (D-11)
and the FPE satisfied by the 1PI function T, 4+,,5, we write (s4) = (s4a) + (54), with

equations of motion I' d}d;(m)u(pg)‘

(81a) = —igf"™ g0 A Dm/m(kl)FCmA;wJ;(k‘%Pm—Pl),
1
am/n’ dn’ kl2/ m'm
(sab) — 9f*" ™ Gowr : 0% 2 D™ (k)T omaayey (K2, P2, —p1). (4.5)
1 2
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Figure 12: The Schwinger-Dyson equation (@) satisfied by the ghost propagator.

The general structure of these two terms suggests that (s4,) should give rise to the ghost
quadrilinear vertex, while (s4), when added to diagram (e), should symmetrize the trilin-
ear ghost gluon coupling. It turns out that this expectation is essentially correct, but its
realization is not immediate, mainly due to the fact that (s4) contains a tree-level instead
of a full ghost propagator [(k3)~! instead of D(kz)], while (s4,) can reproduce, at most, dia-
gram (f) of figure [L0, but not (g). The solution to this apparent mismatch is rather subtle:
one must employ the SDE satisfied by the ghost propagator, shown in Fig 13, This SDE is
common to both the R¢-gauge and the BFM, given that there are no background ghosts.

To see how this works in detail, add and subtract to eq. ([.5) the missing term (see
figure [[J), obtaining

(S4a) = _igfam/dgav/k Dm'm(kl) {chAwa@(k‘g,pg,—pl)
1

- F/CQAZW(kQ)iDgg,(kZ)chaglqqu(k2vp27 —P1)]

_ _igfam/dgcw i Dmm’(kl)lccm/A;'yd},J}(kQ,pQ, _pl) (46)
1
am/n/ Vl n/ k2l/l
(sp) = —gf"" " g5 /k?l [5d 2 P/ch;?’(k2)ng(/€2) X
X D™ ™ (k)T g gt (K2, 2, — 1), (4.7)

where the auxiliary function I", ;. has been defined in eq. (E.7), and is given by .4+ minus
its tree-level part. Using eq. (E.f), we can then rewrite (s4,) as

(s10) = ig? ' piseg, / D™ (ky) D (ks ) AT (k)
k1 Jk3
X [PcmA;l,EE/dMZJ(kg’ k47p27 _pl) - iFCgAZ’IEe’ (k?n k4)Dgg/(k2)chéglw1Z(k27 D2, _pl)]

~

= (/) + () (4.8)

We next turn to (ss) and consider the ghost SD equation of figure [3. One has

. ~dn' . dn’ .5dg / . 'n/!
iD™ (ky) = i + i [—rcgég,(/@)] iDI™ (ky), (4.9)
2 2

where, as before, F’C - is given by I 4., minus its tree-level part. Multiplying the above

g
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Figure 13: Diagrammatic decomposition of the kernel K, AL The second term is the one
added (and subtracted) to the original sum (s4,) + (sa) of eq. (.§). After replacing the gluon
anti-field AZ’Y by the corresponding composite operator (second line), taking into account the extra
structure provided by the (c)P term, this kernel furnishes the BEM terms (f) + (3) [see eq. ()N

equation by k3, using the FPE ([C.1]) and factoring out a kg, we get the relation

ki DU (k) = 6% k]:;zj, - F/chig(b)Dgn/(b)
— 5 k];g -1, Ay (ko) D% (k) . (4.10)
Therefore, we obtain
(s4) = —gf*™™ /k 1 k2o D™ ™ (k1) D™ ™ (k2)T g gy (K2, D2, —p1). (4.11)

Adding this last contribution to diagram (e) we finally arrive at

() + (s1) = gf*™™ / (k1 — k2)a D™ ™ (k1) D™ ™ (k) K g gn s (K2, D2, —D1)
k1

= (e). (4.12)

Next, observe that the graphs (a), (b), and (d) of figure [[( can be converted to hatted
ones automatically (see the corresponding tree-level Feynman in appendix [{]), and that
(¢)F = () since in the BFG T'Y = PE&)AxA' Thus,

ir,qgwﬁ@% —p1) = —PQgAZW(—Q)PAgwi(p% —pl) - qumg(—Pla Q)Pw‘;(m) (4-13)
Ly (P yaa g+ (@, —p1)+ (@) +(b) + (@) +(d) + () + () +(9)]a-

The sum of diagrams in the brackets is nothing but the kernel expansion of the SDE

governing the vertex Fgw—), ie.,

~

iT g4y (P2s —p1) = [@) + () + @ + () + @ + () + @) (4.14)
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After this identification, it is clear that eq. (f1J) coincides with the full BQI of
eq. (E.13), namely

iL Gy (D2, —p1) = [i920° + Ty p+1 (=)L gy (P2, —1)
AL e s (=p1, )Ty (p2) + Ty (p1) yga e (¢, —p1). (4.15)

In summary, the application of the PT to the conventional SDE for the quark-gluon
vertex (i) has converted the initial kernel expansion [graphs (a) to (e) in figure [[{]
into the graphs corresponding to the kernel expansion of the vertex I' ; Wi (i1) all other
pinching terms extracted from the original diagram (c) are precisely the combinations of
auxiliary Green’s functions appearing in the BQI that relates the initial vertex I 5,,; with
the final vertex I‘EW—).

Notice at this point that the skeleton expansion of the multi-particle kernels appearing
in the SDE for I' ; b is still written in terms of the conventional fully dressed vertices and
propagators (involving only quantum fields). Thus, eq. (f.14) is not manifestly dynamical,
i.e., it does not involve the same unknown quantities on the right and left hand side; this
situation is exactly analogous to the gluon propagator case discussed in subsection P.5.
Specifically, in order to convert ([1.14]) into a genuine SDE, one has two possibilities, both
involving the use of the above BQI: (i) substitute the Lh.s. of eq. (f.15) into the r.h.s.
of eq. (f.14) and solve for the conventional T 4,5 vertex, or (ii) invert eq. ((.19) and use
it to convert every I'4,,; vertex appearing in the r.h.s. of eq. (f.14) into a I'3 v vertex.
It would seem that the latter option is operationally more cumbersome, especially taking
into account that a similar procedure has to be followed for all the Green’s functions that
appear in the coupled system of SDEs that one considers.

4.2 Three-gluon vertex

The construction of the PT three-gluon vertex proceeds in a very similar way, with some
additional subtleties that we will spell out in detail in what follows. We emphasize that
the purpose of this exercise is to generate dynamically the vertex I' 7, , and not the fully
Bose-symmetric vertex I' ;77 studied in [(5, BY. The reason is that it is the former vertex
that appears in the SDEs for the gluon propagator [see, e.g., diagram (d;) in figure [,
making it the relevant object to consider at this level.

We start by considering the conventional [l SDE for the three gluon vertex (figure [[4),
and carry out the standard I'* +I'F decomposition to the tree-level vertex of diagram (c),
which is the only one we will modify in our construction.

We then find
1 1ol / ,
(o)f = —§gf“m" /k (o k1 — Gopr ko )AL (k1) ALY (k2) K am ap az a5 (K2, p2, —p1)
1

/ 1 /
=9/ g’ i ?AZ/Z(kz)kf/CAyAgA;Ag (k2,p2, —p1), (4.16)
1™

and the kernel K 4444 is shown in figure .
The next step is to apply the STI of eq. (D.36)), and scrutinize the various terms,
denoted again by (s1), (s2), (s3), and (s4).
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Figure 14: The SDE of the three-gluon vertex. The symmetry factors of the R, (first and second
line of the figure) diagrams are s(a,b) = 1. s(c) = 1/2, s(d) = 1/6, s(e) = —1, s(f,g) = 1/2.
In the third line we show the additional topologies present in the BFM version of the equation
[s(h,i,1,M) = —1], generated during the PT procedure.

For the first three terms, we get the following results

(s1) = gfamlnlgauf/ Dm/m(kl)AZClﬁ(@)chAﬁAT(k‘2, —k1 = k2)U ad a7 a5 (P2, —p1)

k1
= —Ta a2 (=)L g a5 45 (P2, —p1),

(52) = 9™ gour /k D™ (k1) At (k2)K g g g a0 (K2, =1, p2)T ad ay (p2)
1

= —Laaasaz (=1, 02)L 4245 (P2),
(83) = gfam/n’gay/ A Dmlm(/ﬁl)Azlqu;(k2)lccmAl7}A;A;7 (kg,pg, _pl)PAzALSy (pl)
1
= —FQgA;A;W (P2, —pl)FAgAg (p1)- (4.17)

As in the case of the quark-gluon vertex, (s1) represents the propagator-like contribu-
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Figure 15: Skeleton expansion of the kernel appearing in the SDE for the three-gluon vertex
[diagram (c) of figure [[4]

tion that in the S-matrix PT would be allotted to the new two point function T 4. Notice
that this term is equal (modulo the external vertex) to the one found in the quark-gluon ver-
tex case; this is the manifestation of the well-known property of the process-independence
of the PT algorithm (as already noticed in our previous one-loop analysis): the propagator-
like contributions do not depend on the details of the external (embedding) particles. As
for (s2) and (s3), they correspond again to terms that would vanish on-shell, but now are
retained in the final answer due o the off-shell condition of the external legs.

Finally, one has to consider the term (s4), given by

(s4) = gfam/n/gal/ / Dm’m(kl)AZI/Z(k?Q)/CCmA;AgAZV (p2, —p1, k?g)FAgYALL (ko), (4.18)

k1

which again can be written as the sum of the following two terms

(54a) = =19 g0, A Dm,m(k‘l)’CcmA;”A;Ag(k‘2,P2,—Pl)a (4.19)
1
am/'n’ dn’ kl2/ m'm
(sa) = —gf gaw/k 0" 25D (k1) Kemeaar as (K2, p2, —p1)- (4.20)
1 2

The kernel K.za4 is defined by replacing in eq. (D.39) every anti-field leg A* by the corre-
sponding anti-ghost field ¢. As before, (s45) has a tree-level ghost propagator, while (s44)
misses a diagram that we need to add and subtract to solve the two problems simultane-
ously. Even so, we are still missing the diagrams (lA) and (m) of figure [L4; they will be
generated by the tree-level contribution appearing in the SDE of the auxiliary function
I'caa+. In order to isolate this contribution as early as possible, let us write

’CcmA;AgA;W (p2, —p1,k2) = K., ArAs AT (P2, —p1, k2)
i g gyt (1, DID (OITL) o (2. h2)
FT Q) 4o (21 R2iD ()T g (92, —)
= Kl gy as a7 (02, =P1, k2) =S T s g oo (=1, () D ()
—ig f* gD ()T i gy s (P2, =), (4.21)

where the prime denotes that the I'.4 4 that appears in the 1PR terms starts at one-loop.
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Figure 16: The 1PR terms appearing in K m AT AT AS contain a tree-level contribution generating

the missing BFM topologies. Here we show the case for (I); a symmetric term generates (m). The
first term on the r.h.s. is part of the skeleton expansion of diagram (?L) of figure @ Notice that the
Lh.s. is simply a pictorial representation of the r.h.s., taking advantage of the notation introduced
in ﬁgur; the anti-fields are static sources and do not propagate.

We then find (see also figure [[6)

($4a) = —igf"™ Ygur A D™ m(h)’C/CmA;Agsz(pz,—p1,k2)
1

_92fam’dfdre’gap /k Dm,m(kl)De/e(f)chAf,Ee/ (—pl, f)
1

_g2fam/dfd8€/gao_ A Dmlm(kl)De/e(el)PcmAzée/ (p27 _6/)
1

= (8)q) + (1) + (M). (4.22)

For generating the remaining terms one proceeds as in the quark case, writing (see fig-

ure [[7)

(sila) = _Z'.gfam dga“/ Dm m(kl) [K;mAZVA;Ag (k27p27 _pl)

k1
= T 4o (R2)iD% (ko) g 4 5 (k2o D2, 1) |
= —igfam’dga.y /k Dm,m(kl)]C?’l’lLIA;WszZ(kLpz’ —pl) (423)
1

1.7 ! / k V/ e
(o) = —af g [ [ B r ) D) ¢
1 2 v

XDm,m(k’l)/CcmédAzAg (kQ,pQ, —pl). (4.24)

Then, using eq. (E.f) (which can be safely done now, since tree-level contribution has been
already taken into account) and eq. (4.10), one finds

(s1a) = (B) + (i) (4.25)
(sa) = _gf“m’"’/k koo D™ ™ (k1) D" (k) Komen ar as (2, p2, —p1), (4.26)

so that
(s4p) + (e) = (€) (4.27)
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Figure 17: Diagrammatic decomposition of the SD kernel ICS}}LIAT Az as defined in eq. () The

first term represents the kernel IC('2 m a*7 ar 45 therefore the '+ appearing in the corresponding
a “pfio

1PR terms start at one-loop. The second term is the one added (and subtracted) to the original sum

(8ha) + (sap). After replacing the gluon anti-field A’” with the corresponding composite operator

~

(second line), this kernel generates the BEM terms (h) + (4).

Using the tree-level Feynman rules (see appendix [{]), it is straightforward to establish
that the graphs (b), (d), (f), and (g) can be converted to hatted ones automatically, and
that (c)¥ = (¢). Thus, collecting all the pieces we have, and using the standard PT
decomposition (£.12) on the tree-level contribution (a), we get

il aganag (P2, —p1) = —Toa s (@)L agar as (P2, —p1) — Laa a5 ax7 (=p1,p2)L ad a7 (p2)
(p1) + [(@) + (b) + () + (d) + (€)

A~ ~

+() + @) + (B) + (0) + (D) + ()]s, — ig.f 7T (2, —p1). (4.28)

—Toaarar (P2, =p1)T ada

s
o

As in the previous case, the sum of diagrams in the brackets is nothing but the kernel
expansion of the SDE governing the vertex I' 3, ,, i.e.,

i 3y apay (P2 —p1) = (@) + (B) + (@) + (&) + (@)

+(f) + @) + () + (@) + () + (M)a0- (4.29)

This in turn implies that eq. (f.2§) represents the BQI of eq. (E.17) up to the last (tree-
level) term in the r.h.s.. Of course this tree-level discrepancy is to be expected since the PT
algorithm cannot possibly work at tree-level if the external legs are amputated, as is the
case in the SDEs we are considering. To be sure, if we start from the tree-level FE& 4 only,
i.e., without hooking (two of) the external legs to (conserved) external currents, we can still
carry out the decomposition of eq. ), but the '’ term will have nothing to act upon.

Notice finally that the discussion following eq. (4.1§) the SDE for the gluon-quark

vertex applies with minimal modification to the three-gluon vertex case discussed here.
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4.3 The gluon propagator

In this section we turn to the SDE of the gluon self-energy. From the technical point of view
the construction is somewhat more involved compared to that presented for the vertices,
simply because the PT decomposition of eq. (R.13) must be carried out on both sides of the
self-energy diagram. Put in a different way, now we must convert to background gluons not
one but two external gluons. To the best of our knowledge, the most efficient procedure to
follow consists of the three basic steps described below [L3].

4.3.1 First step

The starting point is diagram (a1) of figure . Following the PT procedure, we decompose
the tree-level three-gluon vertex according to (R.12) and concentrate on the pinch part.
We then get

i am'n’ ! vy
(al)P = _§gf / (gocu’klu’ - gau’k2u’)A%ﬁm(kzl)An/n(k2)PALnA7VLA% (k27 _Q)

k1

. / 1 /

= ngamn Jou! : k—%AZ/ZL(kQ)kiLFALnAZ}A%(kQ, —q) (430)
1

At this point the application of the STI of eq. (D.9) together with eq. (D-11]) and the

FPE ([CJ), results in the following terms

1

+gfamldga'y Dm/m(kl)FCmA%A;'V(_Q7k2)
k1

. pam'n’ n’k‘J/ m'm

g £ gour [ 50 T D) (. K2)
k1 k2 A

= (s1) + (s2) + (s3). (4.31)

Clearly, using the SDE of the auxiliary function I'gas, shown in eq. (E.9), one has
immediately that

(s1) = =iTag a7 (DT a2 a1, (4)- (4.32)

This would be half of the pinching contribution coming from the vertex in the S-matrix PT.

As far as the (s2) and (s3) terms are concerned, let us start by adding and subtracting
to them the expression needed to convert the tree-level ghost propagator of (s3) into a full
one; making use of the ghost SDE ([.1() we then get

(32) — _gfam,dga’y/ ZDm,m(kl) |:Z.FC"”A%AZ’Y(_q’ k2)+F/09’A2”f(k2)Dg,9(k2)chA%ég(_q’ kf2)

k1

(s3) = =igf*™™ [ kaa D™ (k) D" (k)L g gt on (1, h2) (4.33)
k1

The second term symmetrizes the trilinear ghost-gluon coupling, and one has

(s3) + (a3z) = (bs), (4.34)
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Figure 18: Schwinger-Dyson equation satisfied by the gluon self-energy —I";,. The symmetry
factors of the diagrams are s(by,b2,bs) = 1/2, s(bs) = 1/6, and all the remaining diagrams have
s=—1.

where (b3) is shown in figure [[§. The term (s2) will finally generate all the remaining terms.
To see how this happens, we denote by (s2,) and (sg) the two terms appearing in the square
brackets of (s3), and concentrate on the first one. Making use of the SDE ([E.§) satisfied
by the auxiliary function I'.44+ and the decomposition ([E.1)) of the kernel appearing in
the latter, we get

(S2a) = g2fam,dfmdbgocﬁ Dm/m(kfl)
k1

+g2fam dfdn s G’ /

Ky ks
= (ba) + (b7) + (bs) + (b1o)- (4.35)

Dm/m(kl)Ag/g(k3)Dnln(k4),CcmA%AgE”(_q7 kg, k4)

Using instead the SDE satisfied by I'z4+, shown in eq. (E.7), we obtain

(32b) — ig2fam dfdsegg /

D™ (k1) A3 (k3) D% (ka)T s o oo (K3y kia) DI () x
k1 Jks3 s/

chmA%Eg (_Q7 k2)
— (by). (4.36)

Finally, since diagrams (a2), (a4) (a5) and (ag) carry over to the corresponding BFM ones
(b2), (bs), (bg) and (by1) and (a;)¥ = (b1), we have the final identity

6 11
(s2) + (s3) + | (a1)" + Z(ai)] => (), (4.37)
i=2 i=1
and therefore
—FAgAg(Q) = —iFQgAy(Q)FAgAg(Q) - FggA% (9), (4.38)

which is the BQI of eq. (E.9).
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Figure 19: Schwinger-Dyson equation satisfied by the gluon self-energy —I', 7. The symmetry
factors of the diagrams are s(c1,co, ) = 1/2, s(cs,cq,c7) = —1, s(cs) = 1/6.

4.3.2 Second step

The second step in the propagator construction is to employ the obvious relation
FZgA%(Q) = FAgz%(Q), (4.39)

that is to interchange the background and quantum legs (the SDE for the self-energy —T", 3
is shown in figure [19). This apparently trivial operation introduces a considerable simpli-
fication. First of all, it allows for the identification of the pinching momenta from the
usual PT decomposition of the (tree-level) I' appearing in diagram (c;) of figure I [some-
thing not directly possible from diagram (by)]; thus, from the operational point of view,
we remain on familiar ground. In addition, it avoids the need to employ the (formidably
complicated) BQI for the four-gluon vertex; indeed, the equality between diagrams (cs),
(c6), (¢c7) of figure [9 and (ds), (de), (di1) of figure fi, respectively, is now immediate [as it
was before, between the diagrams (a4), (as5), (ag) and (bs), (bg), (b11), respectively].

4.3.3 Third step

We now turn to diagram (¢1) and concentrate on its pinching part, given by
(e1)P = igfomn' g, /k . LAY (ko) KET apagay (k2. =a). (4.40)
1

Notice the appearance of the full BFM vertex I' , , 7 instead of the standard T'aa4 (in the
Re¢). The STI satisfied by the former vertex has been derived in eq. (D.25). Now, the first
three terms, (s1), (s2) and (s3), appearing in this STI, will give rise to PT contributions
exactly equal to those encountered in first step described above, the only difference being
that the Ag field appearing there is now a background field E% Thus, following exactly
the reasoning described before, we find [see again figure ] for the diagrams corresponding
to each (d;)]

(1) = —Pagaze (T 4 35 (a), (4.41)
(s2) + (83) + (03) = (dg) + (d4) + (d7) + (dg) + (do) + (dlo). (4.42)
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Figure 20: Summary of the PT procedure employed in the text in order to construct the new PT
SDE of the gluon propagator.

For the term (s4) we have instead
(84) —>g2fam/efebmgaﬂlgﬁﬂ/k Afnfin(k‘l) (4,43)
1

Clearly this has a tadpole-like structure; in particular, it is immediate to prove that when
added to (cz) it will convert it into (dg)

(s4) + (c2) = (da). (4.44)

Thus, since as always (c1)" = (d;) we get

(82) + (83) + (84) +

7 11
(e1)F + Z(ci)] = (dy), (4.45)

and therefore

L a2 (@) = —ilogare (DT 4o 3 (@) — T30 2 (9); (4.46)

which is the BQI of eq. (E.3). This concludes our proof.

In figure P we summarize the steps that allowed the successful construction of the
SDE for the PT propagator; putting together the three steps above, we have been able to
generate the complete BQI of eq. ([E.4), namely

Z'Fggg% (q) = ZTAgAg(Q) + QFQgAZ“’(Q)FAﬁl/A%(Q) — ilga a7 ()T a4 4 (Q)FQ%A;e(Q)- (4.47)

According to the PT rules put forward in section B.5, on the one hand the PT gluon two-
point function iT 44 would coincide with the r.h.s. of eq. ([.47) after dropping the terms
proportional to the auxiliary function I'ga+, since these would cancel anyway after adding
the contribution coming from the corresponding vertices. On the other hand, recalling that
Tq, Ay coincide with A,g, and observing that the only relevant part in the identity above
of such functions is the one proportional to the metric tensor (due to the transversality of
the gluon two-point function I'44), it is immediate to show, using eq. (P-§) and the relation
—T 4,4, = lag, that eq. (f.47) can be cast in the form of the SDE shown in eq. (R.36).
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4.4 How to truncate the new SDEs

After constructing the new SDE series, let us focus on its truncation properties, both from
the theoretical as well as the practical point of view.

As has been stated repeatedly, the main theoretical advantage of the new SD series is
that it allows for a systematic gauge-invariant truncation, in the sense described in subsec-
tion R-§. There we focused on how to truncate the SDE for the gluon self-energy, shown in
figure [, by exploiting the fact that the various fully dressed graphs organize themselves
into gauge-invariant subsets [those appearing in eq. (2.41])]. The practical importance of
this property is the following: one can reduce the number of coupled SDE that one must
include in order to maintain the gauge (or BRST) symmetry of the theory intact, as re-
flected, for example in the validity of eq. ([.1)). Thus, in the case of pure Yang-Mills, within
this new formulation, the minimum number of equations that one must consider is only
two: The SDE for the gluon self-energy, given by the first gauge-invariant subset only (i.e.,
[(d1) 4 (d2)] 3 in figure ) and the SDE for the full three-gluon vertex, shown in figure [[4
(which is instrumental in assuring the gauge invariance of the subset chosen). This is to be
contrasted to what happens within the conventional formulation: there the SDEs for all
vertices must be considered, or else eq. ([.I) is violated (which is what usually happens).

Notice an important point, however: the present analysis does mot furnish a simple
diagrammatic truncation, analogous to that of the gluon self-energy, for the SDE of the
three gluon vertex I' AaA, Au(krl, ko), shown in figure [[4. Thus, if one were to truncate the
SDE for the three-gluon vertex by keeping any subset of the graphs appearing in figure [L4,
one would violate the validity of the all-order WI of eq. (R.37); this, in turn, would lead
immediately to the violation of eq. ([L.1]), thus making the entire truncation scheme collapse.

The strategy one should adopt is instead the following. Given that the proposed
truncation scheme hinges crucially on the validity of eq. (R.37), one should start out with
an approximation that manifestly preserves it. The way to enforce this, familiar to the
SDE practitioners already from the time of QED, is to resort to the “gauge-technique” [[{7],
namely “solve” the WI of eq. (.37). Specifically, one must express the three-gluon vertex
as a functional of the corresponding self-energies, in such a way that (by construction) its
WI is automatically satisfied. For example, an Ansatz with this property would be

(k2 - kl)a
ki,ky) —i—5——5—
( 1 2) ¢ k:% _ k%

contracting the r.h.s. with g, = (k1 + k2)o yields automatically the WI of eq. (2.37).
Thus, the minimum amount of ingredients for initiating a self-consistent non-perturbative

(0)

T (
AqALA,

ki, ko) =T ML (k) — T (K1)]; (4.48)

KaAuAV(

treatment is the SD for the gluon self-energy, consisting of [(d1) + (d2)],4, supplemented
by an Ansatz for the three-gluon vertex like the one given in ({.4§). Note that the “gauge-
technique” leaves the transverse (i.e., automatically conserved) part of the vertex unde-
termined. This is where the SDE for the vertex enters; it is used precisely to determine
the transverse parts. Specifically, following standard techniques [, @], one must expand
the vertex into a suitable tensorial basis, consisting of fourteen independent tensors, and
then isolate the transverse subset. This procedure will lead to a large number of coupled
integral equations, one for each of the form-factors multiplying the corresponding tensorial
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structures, which may or may not be tractable. However, at this point, one may sim-
plify the resulting equations (e.g., linearize, etc) without jeopardizing the transversality
of II,,,, which only depends on the “longitudinal” part of the vertex, i.e., the one deter-
mined by ([.4§). Thus, the transverse parts will be approximately determined, but gauge
invariance, as captured by ¢"Il,, = 0, will remain exact.

Note by the way that the methodology described above constitutes, even to date,
the standard procedure even in the context of QED, where the structure of the SDE is
much simpler, given that the SDE for the photon contains one single graph [diagram (ag)
in figure [, and the photon-electron vertex satisfies automatically a naive all-order WI.
Thus, while the PT approach described here replicates QED-like properties at the level of
the SDEs of QCD, in our opinion a striking fact in itself, does not make QCD easier to
solve than QED.

The reader should appreciate one additional point: any attempt to apply the approach
described above in the context of the conventional SDE is bound to lead to the violation
of the transversality of II,,, because (i) the vertices satisfy complicated STT’s instead of
the WIs of eq. (B-37)-(R.40), a fact that makes the application of the “gauge-technique”
impractical, and (ii) even if one came up with the analogue of eq. ({4§) for all vertices,
one should still keep all self-energy diagrams in figure [J to guarantee that ¢”II,,, = 0. From
this point of view, the improvement of the present approach over the standard formulation
becomes evident.

Finally, one should be aware of the fact that there is no a-priori guarantee that the
gauge-invariant subset kept (i.e., [(d1) + (d2)],5) capture necessarily most of the dynamics,
or, in other words, that they represent the numerically dominant contributions (however,
for a variety of cases it seems to be true [[2]). But, the point is that one can systematically
improve the picture by including more terms, without worrying that the initial approxi-
mation is plagued with artifacts, originating from the violation of the gauge invariance or
of the BRST symmetry.

5. Conclusions

In this article we have presented a detailed derivation of a new SD series for non-Abelian
gauge theories, based on the PT and its correspondence with the BFM. The procedure
we followed for constructing the PT SDE is identical to that followed in the perturbative
construction, without any additional new assumption.

Our starting point is the conventional SDEs for the vertices and the gluon self-energy
written in the Feynman gauge. The first step in the derivation is to simply carry out the PT
decomposition of the elementary (tree-level) three-gluon vertex, Iy, given in eq. ([2.19), to
the external three-gluon vertices appearing in the corresponding diagrams of the standard
SD series. The part of I'y,, denoted by FEM
contracted with the kernels or the fully-dressed Green’s functions appearing inside the

, contains longitudinal momenta which get

diagram containing the original Iy, triggering the corresponding STIs. These STIs, in
turn, contain pieces that, according to the well-established PT criteria, either form part
of the answer, in this case the diagrammatic expansion of the SDE for the corresponding
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Green’s function, or they are discarded from it. In section f] we have worked out in detail
three cases: (i) the quark-gluon vertex, (ii) the three-gluon vertex, and (4ii) the technically
more involved case of the gluon self-energy. It turns out that the diagrams comprising the
PT answer are identical to those corresponding to the BFG. Thus, the resulting new SDEs,
generated after the characteristic PT rearrangements have taken place, and the PT criterion
for identifying the answer has been employed, correspond to the BFM SDEs, written in the
BFG. This is an important result, because it proves the PT-BFG correspondence at the
level of the SDE of the theory; obviously, all results on this point presented in the literature
so far are included in the result presented here, given that any order in perturbation theory
is already contained in the SDEs we consider.

An additional important result, obtained from the same procedure, is the diagrammatic
derivation of the BQIs, which, to date, have only been formally derived in the context of
the BV formalism. The way that the terms comprising the BQIs appear in the present
analysis is automatic: they are simply the leftovers of the PT construction, i.e., the pieces
that have been discarded from the PT answer.

As explained in detail in [B7, [L3], and mentioned also in section [}, the new SDE series
for the gluon self-energy contains fully dressed vertices that satisfy simple, QED-like (i.e.,
tree-level-like) WIs, instead of STIs. This fact allows for the truncation of the SDE series
while maintaining the transversality of the answer at any step.

Returning to the construction of the gluon SDE, a crucial ingredient for the proof
has been the interchange of background and quantum legs done in subsection f.3.9, i.e.,
I, — T 7 (see also figure P{). As we have mentioned there this allowed us to (i) identify
the pinching momenta from the usual PT decomposition, and (ii) avoid the use of some
otherwise indispensable multi-leg BQIs. But more importantly it unveils a recursive pat-
tern that can be used to generalize the construction to n-point Green’s functions with n
arbitrary. Work in this direction is already in progress.

As we have emphasized in the Introduction, the BFG is singled out dynamically when
carrying out the PT rearrangement of a physical quantity, such as an S-matrix element
or a Wilson loop. In particular, after the full cancellation of all (effectively propagator-
like) gauge-dependent pieces has taken place, and after the vertices have been forced to
obey Abelian WIs, the resulting self-energy contribution (to be identified with the PT self-
energy) coincides with the BFM gluon self-energy, calculated in the BFG. In that sense
the BFG is very special, because it captures the net gauge-independent and universal (i.e.,
process-independent) contribution contained in any physical quantity. In practice, however,
one would like to be able to truncate gauge-invariantly (i.e., maintaining transversality) sets
of SDEs written in different gauges. This becomes particularly relevant, for example, when
one attempts to compare SDE predictions with lattice simulations, carried out usually in
the Landau gauge. One of the most powerful features of this formalism, not explored in
this article, is that it can be generalized to any other gauge choice. In particular, eq. (2.3¢)
maintains the same form, regardless of the gauge chosen. The way to accomplish this is to
use the “generalized” PT, developed in [il]]. The generalized PT modifies the starting point
of the PT algorithm, namely eq. (B.19), distributing differently the longitudinal momenta
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between FEW and FEW. Specifically, the non-pinching part, i.e., the analogue of FEW,
must satisfy, instead of (.13), a WI whose r.h.s. is the difference of two inverse tree-level
propagators in the gauge one wishes to consider. The way this works is the following. One
starts out with the conventional SDE in the chosen gauge, carrying out the generalized
PT vertex decomposition. Then, the action of the corresponding I gw, projects one to the
corresponding BFM gauge; this includes the covariant gauges, such as the Landau gauge,
or even non-covariant gauges, such as axial or light-cone gauges (for the way how to use
non-covariant gauges within the BFM framework, see [[]]). This new SD series contains
full vertices that, even though they are in a different gauge, satisfy the QED-like WIs
given in egs. (.39) — (R.41]). Therefore, the truncation properties of this SDE are the
same as those discussed in section [l for the case of the Feynman gauge. The analogy is
completed by realizing that the BQIs in the corresponding gauge allow one to switch back
and forth from the conventional to the BFM Green’s function. Thus, one may obtain, for
example, transverse approximations for the gluon propagator in the conventional Landau
gauge by studying the SDE written in the BFM Landau gauge, computing the [1+ G(¢?)]?
in the same gauge, i.e., employ eq. (B.3d) using for the diagrams on its r.h.s. the BFM
Feynman rules in the Landau gauge (see appendix). This Landau gauge SDE has already
been used in [ig], in order to derive results for the gluon and ghost propagators that are in
qualitative agreement with recent lattice data; as explained there, particular care is needed
when taking the limit {g — 0.

It would be important, both from the theoretical point of view as well as for the
practical applications, to study in detail the renormalization properties of the new SDEs
(for a general discussion see the appendix [B]). For addressing this problem the intrinsically
non-perturbative renormalization method known as “displacement operator formalism” [{4J
may prove to be particularly suitable.

It is also very appealing to believe that the SDE derived here may be actually obtained
from a variational principle, i.e., as a result of the extremization of an appropriate effective
action, as happens in the case of the CJT formalism [f]. Calculations in this directions are
already in progress.

Finally, it would be interesting to establish connections between the dynamics obtained
from the SDEs derived here and results based on the non-perturbative BFM formalism
developed in [[4].
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Feynman diagrams have been drawn using JaxoDraw [[Lg].

A. Which way to pinch and why

Historically, the basic conceptual difficulty associated with the generalization of the PT
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beyond one loop has been to determine the origin of the pinching momenta. Let us assume
that, without loss of generality, one chooses from the beginning the conventional Feynman
gauge. Then, the only sources of possible pinching momenta are the three-gluon vertices.
The question is whether all such vertices must be somehow forced to pinch, or, in other
words, whether the standard PT decomposition of eq. (R.19) should be carried out to all
available three-gluon vertices. The problem with such an operation, however, is the follow-
ing: for the case of a three-gluon vertex nested inside a Feynman diagram, how does one
choose which is the “special” momentum? Or, in other words, which way is one supposed
to brake the Bose-symmetry of the vertex? Turns out that the solution to these questions
is very simple [Bd]: one should apply eq. (R.12) only to the vertices that have the physical
momentum incoming (or outgoing) in one of their legs (not mixed with virtual momenta);
the special leg is precisely the one carrying g, i.e., the physical momentum transfer ap-
pearing in the problem. We will call such a vertex “external”. All other vertices are not
to be touched, i.e., they should not be decomposed in any way; such vertices have virtual
momenta entering into every one of their three legs, and are called “internal” (see figure P1).

The reason why all other three-gluon vertices inside the loops should remain unchanged
(no splitting) can be best understood by resorting to the absorptive construction of the
PT [1-RJ|. The basic philosophy behind the absorptive construction is to emulate as much
as possible the text-book reconstruction of the real part of the vacuum polarization of QED
(containing say a muon-loop) from the tree-level cross-section for ete™ — u*u~, i.e., the
optical theorem, and a (once-subtracted) dispersion relation. As in QED, in the case of
the PT the basic observation also happens already at one loop: the PT subamplitudes
(self-energies, vertices, boxes) satisfy the optical theorem individually, in a way similar to
what happens with scalar theories and QED.

Specifically, let us write S = 1 + ¢T', and consider the forward scattering process
q(p1)q@(p2) — q(p1)q@(p2), with s = ¢ = (p1 + p2)?. Restricting ourselves to only gluonic
intermediate states, the PT amplitudes, at lowest order satisfy

11 )
Sm{qq| T qq), = 5 % 5/}) (a@| T 199) (99T qq)*]s, (A.1)
2g

with fP52g denoting the two-body phase space for massless gluons. In the equation above
the superscript [n] denotes the order of the corresponding amplitude in the coupling con-
stant g (when counting powers of g remember the couplings coming from the vertices with
the external particles); the subscript ¢ = 1,2,3 denotes, respectively, the propagator-,
vertex-, and box-like parts of either side (to recover the full optical theorem, one simply
sums both sides over ¢). Finally, the extra factor of % is statistical, since the final state
gluons are considered as identical particles in the total rate.

The meaning of propagator-, vertex-, and box-like is clear as far as the Lh.s. of eq. (A1)
is concerned: one must determine the imaginary (absorptive) parts of the three one-loop
PT subamplitudes obtained after casting the amplitude ¢(p1)G(p2) — q(p1)G@(p2) into the
PT form, following the standard PT rules. To get these absorptive parts one may carry the
corresponding Cutkosky cuts to the various integrals, (including “unphysical” contributions
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(c1)  (c2) (es)  (ca)

Figure 21: Left panel: Some examples of external ( indicated with an arrow) and internal vertices
(all the remaining). Diagram (a) has only internal three-gluon vertices, while diagram (b) has two
internal vertices and one external, indicated by the arrow. Right panel: The two- and three-particle
Cutkosky cuts (cutting through gluons only).

coming from ghost loops) or, equivalently, study where the various logarithms develop
imaginary parts.

Let us see now what propagator-, vertex-, and box-like means on the r.h.s., consisting
of the squared amplitude for the tree-level process q(p1)d(p2) — g(k1)g(k2) (with k; and
ko integrated over all available phase space). A PT-rearranged squared amplitude means
the following. Consider a normal squared amplitude, i.e., the product of two regular
amplitudes [remember that “product” means that they are also connected (multiplied) by
the corresponding polarization tensors|. Then each amplitude must be first cast into its
PT form, by again simply following the standard PT rules. However, this is not the end of
the story as far as the PT-rearrangement of the square is concerned. One must go through
the additional exercise of letting the longitudinal momenta coming from the polarization
vectors trigger a particular cancellation between the s-channel and the t-channel graphs
(known in the literature as the “s-t cancellation”). That will finally identify the genuine
propagator-, vertex-, and box-like pieces of the entire product.

Now the important step is the following: Suppose that one starts out with the r.h.s.
of eq. (A.1]), i.e., one works at the level of the physical squared amplitude. The PT
rearrangement of the r.h.s. may furnish the PT rearranged amplitudes on the L.h.s., through
an (appropriately subtracted) dispersion relation. Thus, the absorptive PT construction
means to (i) PT-rearrange the r.h.s., (i7) impose the optical theorem (individually for each
?), and (74) use analyticity to get the real parts of the PT amplitudes.

Let us now see how the PT absorptive construction gets generalized to higher orders,
and, in particular, how it can furnish a unique way for defining the PT construction without
any a-priori reference to the BFM and its special vertices.
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Figure 22: The product of the PT-rearranged amplitudes of the process q¢ — ¢q at one-loop
(up) and tree-level (down). The longitudinal momenta from the polarization tensors will produce
additional cancellations between s-channel and ¢-channel graphs [], furnishing finally the first
term on the r.h.s. of eq. (A.9).

At the next order in ¢g* eq. (A]) becomes

1 /1 *
SmlaaTaa)e = 5 (5:) [ 2elloglTlan) (ool ol

+3(31) [ losolt®lon Gool®lamle,  (a2)
') Jpss,
where now fPsgg denotes the three-body phase-space for massless gluons.

According to eq. (A-9) then the imaginary parts of the two-loop PT Green’s functions
(under construction) are related by the optical theorem to precisely identifiable and very
special parts of the squared amplitudes for the processes ¢q¢ — gg and ¢G§ — ggg. In
particular, the two-particle Cutkosky cuts of the two-loop PT self-energy are related to the
propagator-like part of the PT-rearranged one-loop squared amplitude for qg — gg, while,
at the same time, the three-particle Cutkosky cuts of the same quantity are related to the
propagator-like part of the PT-rearranged tree-level squared amplitude for qg — ggg. The
same holds for vertex- and box-like contributions. The processes appearing on the r.h.s. of
eq. ([A.9) are shown in figures Pq and PJ. The advantage of this formulation is the following:
all the PT-rearranged (squared) amplitudes appearing on the r.h.s. are at least one loop
lower than the amplitude on the L.h.s.. Therefore, one can actually reconstruct the Lh.s.,
by working directly on the r.h.s., because one knows how to pinch at lower orders.

To see how all this analysis makes finally contact with the main question at hand,
namely which way to pinch in higher orders, let us focus on figure P3. There it is clear
that the product involves the PT-rearranged one-loop on-shell amplitude for the process
q(p1)d(p2) — g(k1)g(k2), whose construction is absolutely fixed and well defined, and has
been described in great detail in the literature [, B4] In fact, it was the first explicit
example [f§] demonstrating the universality (process-independence) of the PT gluon self-
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Figure 23: The PT-rearranged tree-level amplitude for the process q¢ — ggg; squaring and further
pinching triggered by the longitudinal momenta inside the polarization tensors ] will furnish the
second term on the r.h.s. of eq. (A.2).

energy: the resulting gluon self-energy does not depend on the embedding process (quarks
to quarks or quarks to gluons or gluons to gluons, etc). The PT-rearranged one-loop
q(p1)d(p2) — g(k1)g(ke) is obtained following exactly the same PT procedure as for the
process with only quarks as external particles. In particular, the three-gluon vertices in
graphs (b) and (c) in figure P4 must be exactly as shown, i.e., the one injected with ¢ has
undergone the PT decomposition (and has become I''), while the ones injected with k;
and ko remain unchanged. Let us now return to the two representative two-loop diagrams
of figure PI. After their PT rearrangement, the two-particle Cutkosky cut on (a) denoted
by (c2) in figure I must reproduce (¢) ® [(f) + (¢)] in figure P9, and cut (c4) on (b) must
reproduce (b)®[(f)+(g)]. Obviously, if we were to modify the internal three-gluon vertices
of (a) or (b) in figure P1]in any way, this identification would not work: one must modify only
the vertex injected with ¢ (turning it to I''"). This argument may be generalized to include
all remaining two-particle and three-particle cuts, making the above conclusion completely
airtight. Under the light of these observations it should be clear why, for example, the
relevant full three-gluon vertex entering into the SD equation for the gluon self-energy (viz.
figure ) is indeed T 3, , (constructed in subsection .3 ) and not the vertex I';44. The
latter could not be consistently constructed inside loops, because any preferred direction
(i.e. the direction determining the “would-be” background field) is immediately at odds
with the unitarity-cut arguments developed above.

The arguments presented here do not postulate at any point the existence of any
relation between the PT and the BFM. On the other hand, on hindsight, all conclusions
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drawn (for example, the I'z,, versus I';27 issue) are in complete agreement with the
known PT/BFM correspondence. Specifically, switching now to the BFM language, the
fact that internal vertices should not be touched is precisely what the unique set of BFM
Feynman rules dictates: since one cannot have background fields propagating inside loops,
all internal vertices have three quantum gluons merging. This is exactly what one finds,
e.g., when computing the two-loop gluon self-energy [[7]: as a subset of the calculation
one will have to consider the one-loop vertex ng " but will never encounter the one-loop

vertex I' %%2 (constructed in [[§] and studied in [29]).

B. A brief discussion of renormalization

This appendix is meant to outline the general framework for dealing with the issue of renor-
malization in the context of the PT. The emphasis is put on the various conceptual and
methodological issues involved, rather than an explicit proof of renormalizability. In par-
ticular, we consider this discussion necessary for convincing the reader that renormalization
poses no problem whatsoever for the self-consistent implementation of the PT.

The analysis presented thus far assumes implicitly that the theory is renormalizable
(as is QCD in d = 4) or superrenormalizable (as is QCD in d = 3), and that all momentum
space integrals have been regularized by resorting to a regularization scheme that preserves
the gauge symmetry (obviously there is little point in applying the PT to a theory that
is ill-defined to begin with). Specifically, throughout the paper we have adopted the most
widely used such scheme, namely dimensional regularization. Given that the original the-
ory is renormalizable (by assumption) it should be clear that there is no step throughout
the PT procedure that could jeopardize renormalizability. Indeed, all that the PT really
does is to trigger STTs. The latter are a direct consequence of the original BRST symmetry
of the theory; therefore, within a suitable regularization scheme (such as dimensional regu-
larization) they will be preserved by renormalization (i.e, they will not get deformed). It is
important to emphasize that the latter property holds true for the BQIs as well; they too
are a consequence of the BRST symmetry and (under the same assumptions) do not get
deformed either. Notice that this is completely different from the case of the Nielsen iden-
tities [4g], describing the gauge fixing parameter dependence of the bare Green’s functions
(we do not use them here). In this latter case, one needs to extend the BRST symmetry
to include the variation of the gauge fixing parameter. This, in turn, will spoil the orig-
inal BRST invariance of the theory, implying that the latter identities get deformed by
renormalization already at the one-loop level [43].

For concreteness let us assume that we start the PT procedure in the renormalizable
(linear) Feynman gauge (RFG), as we have done throughout this article. Let us denote by
Z 4 the gluon wave-function renormalization, by Z3 the vertex renormalization constant for
the three-gluon vertex I'y;., by Z the usual ghost wave-function renormalization, and by
7, the ghost-gluon vertex renormalization constant. Notice also that, the BRST symmetry
demands that Z3/Z4 = Zl/ Zy. Then, the fundamental STIs employed when carrying out
the PT survives renormalization, simply because all counterterms necessary to render it
finite are already furnished by the usual counterterms of the RFG Lagrangian. This is, of
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course, a direct result of the basic assumption the the theory in the RFG is renormalizable:
once all counterterms have been supplied in the RFG, the STI which is studied in the same
gauge, will continue being valid.

The actual implementation of the renormalization procedure proceeds along the lines
described in [B(] for the two-loop case. One should start out with the counterterms that
are necessary to renormalize individually the conventional Green’s functions in the RFG.
Then, one should show that, by simply rearranging these counterterms following the PT
rules, one can renormalize the PT Green’s functions. Notice also that, due to the validity
of the Abelian WIs, the renormalization constants before and after the PT rearrangements
are related to the gauge coupling renormalization as follows:

72 = 232,%2," = 232,72 = 2, (B.1)

After rearranging the original RFG counterterms in such a way as to render the PT
Green’s functions finite, one should be able to verify that the resulting counterterms are in
fact identical to those obtained when carrying out the BFM renormalization program as
explained by Abbott [[7], i.e. by renormalizing only the background gluons, the coupling
constant g, and the quantum gauge-fixing parameter {;. Thus, the relevant renormalization
constants are given by

9o = Zg9, 110 = 23/2117 522 = Z§Q§Q7 ZEQ =2Za. (B.2)

The renormalization of g is necessary due to the fact that the longitudinal part of the
quantum gluon propagator is not renormalized. As pointed out by Abbott, in the context
of the BFM this step may be avoided if the calculation is carried out with an arbitrary {g
rather than the BFG g = 1. Of course, as we have seen, the PT brings us effectively to
£o = 1; thus, when interpreting the resulting counterterm from the BFM point of view,
one should keep in mind that gauge-fixing parameter renormalization is necessary. The
renormalization of {g not only affects the propagator-lines, but also the longitudinal parts
of the external vertices; it renormalizes precisely the TV part, as can be seen from the
corresponding BFM Feynman rule for the three-gluon vertex (see appendix [H).

All the above ingredients must be combined appropriately in order to demonstrate the
renormalizability of the new SDE; we shall not pursue this point any further.

C. Faddeev-Popov Equations

As a first example of the use of the FPE introduced in section .4, let us differentiate the
functional equation (B.37) with respect to the ghost field ¢’; after setting the fields/anti-
fields to zero we get (relabeling the color and Lorentz indices)

Lemen (q) 4 iq"Tem a:n (q) = 0, (C.1)

which can be used to relate the auxiliary function TIemasn(q) with the full
ghost propagator D“b(q). Due to Lorentz invariance, we can in fact write
chA;‘," (q) = QVI‘C"”A*" (q), and therefore

Pcmén(q) = —iq”I’CmA;n(q) = —iqu’cmAm(q). (C2)
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On the other hand, due to our definition of the Green’s functions [see eq. (B.1§)], one
has that
iD™ (g)Tren (g) = 6™, (C3)

and therefore we get the announced relation:

FCMA;n (Q) = QVPcmA*” (Q)
= 4[> D" (q)] 7. (C4)

As a second example, let us differentiate eq. (B.37) twice, once with respect to A”
and once with respect to ¢”, and then set the fields/anti-fields to zero; in this way we get
the identity

Lerapem (k, q) +1¢"Ter ap azm (k, q) = 0, (C.5)
which is particularly useful for the PT construction. Notice that this identity is the
equivalent of the one introduced in section P.] relating the conventional H function with
the trilinear gluon-ghost vertex. All these identities can be easily checked at tree-level; for
example, using the Feynman rules presented in appendix [f], we have

i T, (k@) = igf™"q, = —T O g (k. ). (C.6)

Differentiation of the functional (B.39) with respect to a BFM source €2 and a quantum
gluon field A or a ghost field ¢ and a background gluon A, provides instead the identities
(ki+k+q=0)

FQ;A{}E"L(ka q) + Z'Q”FQ;;A;LA;’"(]‘% a) = 9™ gup, (C.7)
Pcrggém (k7 Q) + unrcr;flr}ALm (ka q) = _igfmneFCTAte(_kl)a (CS)

that can be easily checked at tree-level.

D. Slavnov-Taylor Identities

STIs are obtained by functional differentiation of the STI functional of eq. (B.3(Q) with
respect to suitable combinations of fields chosen following the rules discussed in section B.3.

D.1 STIs for quark proper vertices

We begin by deriving the STI satisfied by the trilinear quark-gluon vertex (see, e.g., [, B]).
From our general discussion of section B.3, for obtaining this identity we need to consider
the functional differentiation

§38(T)
5¢*(q)09(p2)0% (—p1) | p—o

=0 q+p2 = p1, (D.1)

from which we obtain the equation

FC“AZW(_q)FAflyd}J}(p27 _pl) + Fd;*JJd”(_I)M Q)Fwij(p2) + F¢1Z(p1)r¢cm7$* ((L _pl) =0, (D2)
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where the two-point function I'y,;(p) is defined through the identity
iS(p)Tyg(p) =1L (D-3)

Using then the relation of eq. ([C.4), we get the STI in its final form, namely

0°T payis (P2 —p1) = [¢° D" (q)] {F¢*1;ca’ (=p1, T 5 (p2) + Ty (01)T it - (a5 _pl)} :
(D.4)
The three-point auxiliary functions appearing in the equation above can be constructed
using the Feynman rules reported in appendix [H. At tree-level the above identity can be
trivially checked, with the r.h.s. being proportional to two inverse quark propagators

0T o2 =) = (@D (@) {15 (=pr, )T ) (02) + 1) (0T (), (0 —p1) |
— gt [(p, —m) — (g, — m)] - (D.5)

Contrary to the case of QED, where this generalizes directly to all orders, in the QCD case
it is valid only to lowest order, due to the non-linearity of eq. ([D-4).

The STI satisfied by the quadrilinear quark-gluon vertex (induced beyond tree-level)
can be derived by considering the following functional differentiation

5*S(T)
¢ (k1) S AR (k2) 0t (p2) 0t (—p1)

=0 k14 ko + p2 = p1. (D.6)
®,d*=0

Carrying out the functional differentiation and using again eq. (C.4), we get

T am g (k2, P2, —p1) = [k;%Dmm,(k;l)]{F¢*chm, (=1, k)T gy (P2, —p2 — k2)
AL any (01 — k2, =)Ly e (1, —p2 — k1) + ch’Agsz(kz, —k1 — k’z)FAgW(p% —p1)

+PAgw*1ZCm’ (p27 —P1, kl)rwi (p2) + Pq/;q[; (pl)PA;r/zdjcm’@* (p27 klapl)

+ch’A;’Y¢J,(k27p27 _pl)FAgAg(k?)} (D7)
Clearly this identity starts at the one-loop level (recall that I's represent 1PI functions).

D.2 STIs for gluon proper vertices
Let us start by deriving the well-known STI for the trilinear gluon vertex [, B3, Bl]. By

considering the functional differentiation

§38(T)
6c*(q)0 A (k)8 AL (k2)

=0 q+ ki + ko =0, (D.8)
3,d*=0

and using eq. (C.4) one obtains

q°T ag ap ay (k1 k) = [° D (q)] {Fca’AyAy(k‘Zakl)FAgA;n(kl)

+FC“’AZ7‘A;’Y (k’la k2)FAgA7VL(k2)} . (D,9)

— 55 —



Notice that since we are working with the minimal action (see subsection B.3), one has

T s (@) = id°0 Pag(0), (D.10)
and therefore
FAgAg(Q) = (AN (q) — 16" qags
= 6" Pop(a)A™(¢%). (D.11)

As an overall consistency check of our definitions and conventions, notice that egs. (R.7)
and (D.I1) imply that _FAgA%(q) = §%T1,5(g), in full agreement with eq. (B-I§). Using
the above relation, we can now check the identity at tree-level; we get

T g (r k) = 2D @O {0 (ko k)T (k1)

' ApAY AgAR
0 0
+1) A sz(kl,/@)rg% Ag(/@)}
= igf " [(guwki — k1uk1) — (Guks — kopko)] . (D.12)

Notice also that eq. (D.11]) allows us to compare the STI of eq. (D.9) with that of eq. (2.10),
which is written in the conventional formalism; in this way we get the identity (factoring
out the color structure)

H, (K1, ko) :FCAHAf/(k‘l,krg). (D.13)

We pause here to show what would have happened had we worked with the complete
generating functional. In this case, due to the extra term appearing in the master equa-
tion (B.27) satisfied by the complete action, the differentiation carried out in eq. (D.§) would
generate two more terms with respect to the ones already appearing in eq. (D.9), namely

5dnk2yrcaALnEd(kfl, k‘Q) + 5dmk2u1“caA35d(k‘2, ]{71) (D.14)

To get to the terms above we have used the equation of motion of the Nakanishi-Lautrup
multiplier B eliminating the latter in favor of the corresponding gauge-fixing function F.
Then, making use of the FPE (C.j), we get

— 10"k ko Lo g az (k1 K2) — 16 Kykin T o gy avo (K2, k), (D.15)
so that we finally would get the STI
ey _ 1.2m1aad C . cdm
@ Cagapay (k1. ka) = (2D (@) {T o ay (ks k1) [P (1) = 807 s |
Tt g e (i, ) [rgi 5 (F2) —iad"k%kgu}} , (D.16)

where we have indicated explicitly that the two-point functions are to be evaluated from
the completed functional (for the three point functions appearing in the STI above there is
no difference). We then see that the difference amounts to a tree-level piece appearing in
the two-point function, as has been anticipated in our general discussion of subsection B.3
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(recall that we are using the Feynman gauge £ = 1). In particular notice that we correctly
find the relation FS(,;A%(‘]) = (A‘l)gf’ﬁ(q).

Another STI that will be needed in the PT construction is the one involving the
quadrilinear gluon vertex; carrying out the functional differentiation

5*S(T)
5¢m (k)6 AL (k)0 An (p2) 3 A5 (—p1)

=0 k1 + ko 4+ p2 = p1, (D.17)
&,8%=0

and using eq. (C.4), we arrive at the result

FYT g ap ag ag (2, p2, —p1) = [k D™ (k)] {TcmngA;v(—pl, by + P2V agap ay (ko p2)

—’—PC,”LIAzA::l'y (p27 k2 — pl)FAzA;r}Ag (kQ, _pl) + PCWL’ALLAZ"/ (k27p2 - pl)FAg]A;Ag (p27 _pl)
+Fc7”/A:,'A§A;'Y (pg, —P1, k2)FAgyA’lr/L (k’g) + FCm’A{}Af;A;'Y(k?’ _p17p2)FA9$A; (p2)

+PC77L’ALLA;'A’;"/(]€27P27 _pl)PAgl/Ag (pl)} (D]‘S)

At tree-level, notice that only the first two lines of this identity are different from zero;
then, using the Jacobi identity, we obtain

kiT%AgA;Ag (K2, p2, —p1)= [KED™™ (k1)]© {FigergA;w (=p1, k2 + Pz)F(f%AgA;(k‘m p2)
0 0
+F£”Z/A;A;W (p27 k2 - pl)P;%AﬁAg (k27 _pl)
0 0
+F£72/A3A27(k27p2 - pl)ri&%A;Ag (p27 _pl)}

= _ig2 {fmsefern (gvaklp - .gpcrklu)“‘fmmfesn (gvpklcr - gpaklu)

_|_fmnefesr (gupkla - guaklp) } (Dlg)

D.3 STIs for mixed quantum/background Green’s functions

Let us consider a Green’s function involving background as well as quantum fields. Clearly,
when contracting such a function with the momentum corresponding to a background
leg it will satisfy a linear WI [see, e.g., eqs. (R.37)-(R.40)], whereas when contracting
it with the momentum corresponding to a quantum leg it will satisfy a non-linear STT.
Let us then study the particularly interesting case of the STI satisfied by the vertex
I'344 When contracted with the momentum of one of the quantum fields. Taking the
functional differentiation

§38'(IV)
§cm (k)AL (q)S AL (k2)

=0 q+ ki + ko =0, (D.QO)
P,0*,02=0

we get
k/fFA\‘laAﬁLALL (kh k2) = [k%Dmm,(kl)] {ch,A”!/LAzf(k27 q)FA\gAg (q)

+chlA\gAze (q7 k:2)FAgAﬁ(k:2)} . (D'21)
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Notice that the same result can be achieved by contracting directly the BQI of eq. (E.24)
with the momentum of one of the quantum fields and then using the STI of eq. (D.9)
together with the BQIs of egs. (E.J) and (E.26) to bring the result in the above form.

It is particularly important to correctly identify in the above identity the missing tree-
level contributions (due to the use of the reduced functional, see also the discussion in
section [E.3). In order to do that, one can either work with the complete functional and use
the FPE (C.g), or add them by hand using eq. ([E.29), obtaining in either cases the STI

klllFA\gAzlAg (kl? k2) = [k%Dmm (kl)]{rcm/A;’}AZé (k27 q)FA\gAg (q) +ch’gg/4:e (q7 kQ)FASAl’} (kQ)}
—igf*"" (k3 gow — krakaw)- (D.22)

This STI can be further manipulate by using eq. (D.11)) and the FPE ([C.§) for rewriting
the term proportional to I'44(k2) as

ch/A\gAge (q’ k2)FA§A£L (k2) = Pcm/A\gAzé (Q7 k2)(A_1)§ICL(k2) + k2l/rcm’;{ggn (q7 k2)
+Z'gfaenk721/rcm’Aze (_kl) (D23)

On the other hand, employing eq. ([C.4) we find
D™ (k1 ))(ig £k )T gt gz (1) = —ig ™ bk (D.24)

so, inserting eq. (D.2d) back into eq. (D-2J) we see that the term above partially cancels
the tree level contribution, thus leaving us with the STI

k/ilFA\gAzlAg (k17 kQ)Z[k%Dmm (kl)]{rcm’ALLAzs (k27 Q)ngAg (Q)—i_rcm’A\gA;s (Q7 k2)(A_l)§17/L(k2)
+ koo ot Gaen (5 krz)} — g " k3 Gow- (D.25)
D.4 STIs for the quark SD kernel

In addition to the STIs for 1PI (proper) vertices, the PT construction for SDEs requires
the additional knowledge of the result of the action of longitudinal momenta on connected
kernels. The first one of these kernels is encountered in the construction of the PT gluon-
quark-quark vertex, and can be written as follows (see figure [L1])

’CATAEW(]@’W’ —p1) = FAQlAgd;q/?(k%p% —p1)
+iL g (6 =p1)iS ()il g5 (P2, —1)
4T gy (€ —p1)i5(5/)iTAzLW (pa, —1'). (D.26)

where £ = kg +py = p; — ky and £ = ky + pa = p1 — ko. Then, using the STI of eq. (D.4)
and the relation (D.J), one gets the results

BT gy (€, D1 (0T gy 5(p2, —0) = (K3 D™ (k)] {r pegermt (=1, k1)

+Z‘Fw1;(p1)r¢cm/d} (kl, _pl)S(e)}PA,’}wi (p27 —6)7
(D.27)
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BT pg (€ —P1IS T g (02, —) = Ty, =p0)IED™ (k)T g -, —)
+4S(E)T o g (—€ R1)T 5 (pQ)} . (D.28)

We then see that the first term in eqs. ([D.27) and (D-2§) will cancel the first two terms of
the STT of the 1PI vertex of eq. (D.7), and we finally arrive at the STI

kﬁl’CA;;zAgW(kz,pz, —Pl):[k;%pmm’(k,l)] {ch’AﬁA;V(k‘% —k1 — k'2)FAgW(p27 —p1)
ALy 5 (P1)K g ot g (P2, 1y =PUAK g e (P2, —P15 k1)L 5 (P2)
+ Lot gxrp5 (b2, P2, —pl)FAglAg(ké)} : (D.29)

where we have defined the auxiliary kernels

K Anpem g (P2, k1, —p1) = FAnwcmf@* (p2, k1, —p1)

wc'm w* (kl, pl)ZS(z)ZFA'{}w’LZ (pQ, _E), (D30)
,CA,"}'IZJ*’IZJCm/ (p27 _p17 kl) - FAnw wcm/ (p27 p17 kl)

D.5 STIs for the gluon SD kernel

In the construction of the SDEs for the gluon self-energy and three-gluon vertex, one needs
the knowledge of the STT satisfied by the kernel (see figure [L5)

Kapapagas (k2,p2, —p1) = Tagagapag (k2 p2, —p1)
il ag g ag (b, QI (D1 gt 4 4y (K2, D2)
+iPA§AﬁA§(k2, gl)z'AZee’, (e/)iPAE,/A,TA; (kl,pg). (D.32)
Using the above relation, together with STI of eq. (D.9), we find the following result
RYT ag ago ag (K, OFAL (0T yor 4, ap (k2.p2) = —[K3 D™ (k1)) x
X {ch’AgAge’ (_ph g)PEe (£)+iPCm/A§A2w (6, —pl)PA(ﬁzng (pl)AZZ/(g)}FAe//AEA;(kQ,pg).
(D.33)

In this case this is, however, not the end of the story, since the first term in the equation
above still contains (virtual) longitudinal momenta, which will trigger the STT of eq. (D.9)
together with the FPE ([C.). After taking this into account, we obtain

BT ag e (i DI (T 1y (k) = ~ D™ (k) (D.31)
x { {FCM’A(@A:;’ (=p1,0) + ircm’AgAZV (¢, _pl)PAﬂl/Ag (pl)AZEe’(g)] FASALLAZ(]Q;ID)

L pg e (=P1, O) D (0) [Uer g o (D25 k2) T g ag (R2) L cer g 420 (K2, P2)T ad (pz)}}-
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Similarly we find
KL g apag (k. )i ()L gt g ap (K1, p2) = —[KE D™ (k)] x
. {FAf,AyAs (ka, ) [ch'AzAze (p2, —0') + AL, (L g per 42 (=, P2)ag ay (P2)]
+iD (¢) |T [ ceapaz (b2, =p1)T ad as (p1) + Te g5 a0 (=11, k72)FAdA”(k72)]
XPC'nL’AZEe’ (p27 _gl) } . (D35)

As before, after combining these results with the four-gluon 1PI vertex STI of eq. (D.13)
we arrive at the needed STI for the four-gluon SD kernel, namely
Ky K am ap as as (k2, p2, —p1) = [k‘%Dmml(k‘l)]{chngA;w(kz, —k1 = k2)T gd az a5 (P2, —p1)
+/CcmngAgA2w (k2, —p1, p2)FA$A; (p2)
Hom ap ay a7 (K2, D2, =)L ad 45 (1)
Fmt pr as a7 (P2, =p1, k2)T gg 4z (K2) }(D-36)
where the following auxiliary kernels have been defined
Kot ap ag az1 (2, =p1,02) = Uit gy g5 4 (K2, =p1,p2)
+il g ap ac (K2, 0')d AEE (€T AT Ay o (=, p2)
o Asce (_ph g)iDee (K)ZFCCIA’{}AZW (kg, pg), (D37)
’CC”LIALLAZA:;’Y(]C2’p2’ _pl) — ch’A'rVLAzAZ’Y(k27p27 _pl)
il s ge 4% (¢, —p1)iAgy (E)ZTA:; A Ap (k2,p2)
L e pp azr (R, =p1)ID™ ()i ot g cer (P2, —€'), (D.38)
Kom ay ag azr (02, =P1,k2) = Tt g s 4 (D2, =p1, K2)
ot s et (—P1, 0)iD (0T o Az (p2,k2)
il e a5 4 *'y( pl,kg)zDee (ﬁ')zFCW Aree! /(p2, —1'). (D.39)

+I’

+I’

E. Background-Quantum Identities

BQIs are obtained by functional differentiation of the STI functional of eq. (B.32) with
respect to combinations of background fields, quantum fields and background sources.

E.1 BQIs for two-point functions

The first BQI we can construct is the one relating the conventional with the BFM gluon
self-energies. To this end, consider the following functional differentiation

528" (1)

LA . =0 g+p=0,
39 (p)d A (q)

®,d*,Q=0
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Figure 24: Expansions of the gluon anti-field and BFM source in terms of the corresponding
composite operators. Notice that if the anti-field or the BFM sources are attached to a 1PI vertex,
as shown in the first line, such an expansion will in general convert the 1PI vertex into a (connected)
SD kernel. The equivalence shown is therefore not valid at tree-level (e.g., in the case of three-point
functions such an equivalence would imply that the kernels shown on the r.h.s. of the corresponding
expansions would be disconnected); when present, the tree-level needs to be added by hand, as
explicitly shown in the two expansions of the second line and the last one of the third line. This
type of expansion allows one to express the terms appearing in the BQIs in a form that reveals

kernels appearing in the STTs [see, e.g., eqs. ([E.14), (E.19), (E.18) and (E.19)]

528" (1”
e <@> —0  q+p=0, (E.1)
5 Oc(p)5 ﬁ(q) ¢’¢*7Q:0
which will give the relations
iT gy a1, (0) = [1930™ + Lo 47 ()] Dag y (0), (B:2)
i1 2 (@) = [1920° + Ty 4 (0)] Taa (@) (£:3)

We can now combine egs. (E.J) and (E.J) such that the two-point function mixing
background and quantum fields drops out, to get the BQI

il 30 20 (0) = g a3 (@) + Pagag (T agay (0) + Ty az (9T ag 44 ()
—iFQgAZV (Q)PAiAg (Q)PQ%A;e (9)
= il 40 45, (@) + 2000 4 (T 42 48, (@) — Lgq a7 (T 424 (DT a2 (), (E-4)
where the last identity is due to the transversality of the I'44 two-point function.
In order for our PT procedure to be self-contained, it is important to express the 1PI
auxiliary Green’s function involved in the various STIs and the BQIs in terms of kernels

that also appear in the relevant STIs. The key observation that makes this possible is
that one may always replace an anti-field or BFM source with its corresponding BRST
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Figure 25: Skeleton expansion of the kernel appearing in the SDE for the auxiliary function I'c g 4+.

composite operator. Thus, for example, one has (see figure p4)

* .~ (0 AV - ele
A7) = T /k A (2)iD ), (E.5)
Qi(q) — T / IAYY (k)iD (ky ), (E.6)
Qg A" e ks

where k1 and ko are related through ko = g — k1. In this way we get the following SDEs
(see again figure P4)

—Lemax(q) = —5%"q., — F,cmAZ"/(q)
= —§¥mg, 4+ gfe g, /k D (k1) A (ko) Com ance (ka, k1), (E.7)
:
i gy o (R, q) = g f*g) —igf<*g), . D (k1) AZZ (ko) Keaap agee (k, ko, k), (E.8)
—Loa () = 9" Gou A De/e(kl)AZl'lﬁ(kz)FceAgAy(/f27 —q), (E.9)

Cog agon (k,p) = =igf*" gae = 10" gowr | D(kr) A5 (ke)Ke ag ager (ks i, ).
1 (E.10)
The kernel K.44z appearing in the SDEs (E.§) and ([E.10) is shown in figure P§ and reads
Keaanasee (b, ko, k1) = Tcaapasce (K, ko, k1)
+iT ap ag ay (kz, —k — k2)iA (k + k)il

k+ ko, k1)

C'mA’r“;Ee(
P

Tty (ks — it — k)i (ky + k)il e, Ky (E.11)

Finally notice that the auxiliary function I'q, Ay corresponds precisely to the auxiliary

function A, introduced in eq. (B-33), and therefore its part proportional to Jap corresponds
to the scalar function G(¢?).

E.2 BQIs for three-point functions

The relation between the trilinear quantum gluon-quark vertex and the trilinear
background gluon-quark vertex, can be obtained by considering the following func-
tional differentiation
838 (1Y)
522 (q)6¢(p2)6¢ (—p1) 3,8 ,0=0

=0 q+p2=p1. (E.12)
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Figure 26: Feynman rules for QCD in the R¢ gauges. The first two columns show the lowest
order Feynman diagrams and rule respectively, while the last one shows the corresponding all-order
Green’s function according to the conventions of eq. (3.1§).

We then get

. . d
nggw(m,—pl) = [igad* +FQgAy(—q)]FAgW(P2=—pl)
+T e (=1, )Ty (p2) + Tyg (P yga g+ (0, —p1).  (E.13)
In order to explore further the all-order structure of these two auxiliary Green’s func-

tions, replace the BEM source with the corresponding composite operator using eq. (E.6]),
thus obtaining

. (0 - ym/'m AUV
Ty e (0 =P1) = TG0 /k D (k)i (k) ag g g (a1, =), (B-14)
i .~(0 . ym'm AV U
iy garg (—p1,q) = i ;A’,}fém' /k 1 iD™ ™ (k1 )AL (k2) K g e pom (P2, —p1, K1) (B.15)
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Figure 27: Feynman rules for QCD in the BFM gauge. We only include those rules which
are different from the R ones to lowest order. As usual, gray circle on a gluon line indicates a
background field.

where the kernels K 4nycm g+ and K gn - gom have been defined in eq. (D.30) and (D.31). As
it is clear from the two equations above, while the (auxiliary) functions appearing in the
STIs and BQIs ought to be 1PI (Lh.s. of the equations), that is not true for the kernels
appearing after using the substitutions of eq. ([E.J) or ([E.€)), which, in fact, consist of both
1PT and 1PR diagrams (r.h.s. of the equations).

For the BQI involving the three-gluon vertex a similar result can be obtained; choosing

538 (1)

=0 +p2 = p1, .16
098 (q)0 A3 (p2)0 A5 (=p1) |4 pe g q+p2=p (E.16)

we will get

i g Ay ag (P2, —P1) = [192.6° + T 42 (=)L ad ar az (P2, —p1)
+l 00 s 4% (=1, P2)T ad a5 (P2) + Tga ar 4z (P2, =p1)T ad 45 (P1)-
(E.17)
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Figure 28: Feynman rules for QCD anti-fields.

_ngamnglw ZFQZ’LA’;LE(I(]{:Q, _kl)

Figure 29: Feynman rule for the BEM gluon source (277"

Again we can write

iPQgAgA;'V(_plaPQ) = ’LT(O) / iDm,m(kl)Z‘AZ’I%(]{;Q)’CCmALLAgA;'Y (kz, —pl,pg), (E.18)

! !
a n' U
QA" C Ky

iTae ara=r (D2, —p1) = T [ iD™ ™y YiA (k) Ky an ar 4= (kzs p2, —p1), (E.19)
atpid QgAY C Ky vpid
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where the kernels appearing in the above equations have been defined in eqs. (D.37)
and ([D.3§). Notice the emergence of the pattern exploited in the application of the PT
to the SDEs of QCD: namely that the auxiliary functions appearing in the BQI satisfied
by a particular Green’s function can be written in terms of kernels appearing in the STIs
triggered when the PT procedure is applied to that same Green’s function. The BQI of
eq. (E.I7) gives at tree-level the result

FA}&A;A(ST (p27 _pl) = FA‘&A;A;", (p27 _pl) (E20)

This is once again due to the use of the reduced functional: in fact in such case the two (tree-
level) vertices need to coincide, since the difference between them is proportional to the in-
verse of the gauge fixing parameter (see appendix [[]) and therefore entirely due to the gauge
fixing Lagrangian. To restore the correct tree-level terms one would have to use the com-
plete functional; in that case the differentiation of eq. (E.I6) shows the two additional terms

—5d8ploFQgA;5d (p2, —p1) + 5drp2pFQgAgéd(_p1,p2)y (E.21)

which, with the help of eq. (IC.4) become

~i0%p16P15 T ar 4z (2, —p1) — 187 D2yp2r Ty ag ax (=1, P2) + 9" (dapbio + aoP2p).
(E.22)

Therefore we get the final identity
ir%g Az As (P2, —p1) = [i930°" + Ty o (—a)IT ad az as (02, —01) + 9. (dapP1o + GaoD20)
a0 a5 477 (=1, p2) [Fgg ap(p2) = i5drp2pp2»y]
+Tqa ar a7 (P2, —P1) [ngA; (p1) — i5d5plap1y] ; (E.23)

which gives the expected tree-level result. Once again we see that the difference between
working with the reduced and complete functional lies in some constant (tree-level) terms
that one recovers after applying the FPE for writing the STI/BQI at hand in the same form
using I' or I'c. Thus, opting for the fast way of deriving the STI/BQI with the reduced
functional and adding the correct tree-level term, we write the BQI in its final form

i 2o ar g (P2, =P1) = (195" + L 42y (—)IT ag ap az (P2, —p1)
+L0a 45 a7 (=P1,P2)T ad a5 (P2) + Loga ap 4z (P2, =p1)T a2 45 (P1)
—i—gfars (p2pgaa + plagocp) . (E24)

E.3 BQI for the ghost-gluon trilinear vertex
In this section we are going to derive the BQIs relating the R, ghost sector with the BEM

ones. We start from the trilinear ghost-gluon coupling, for which we choose the following
functional differentiation
538’ (1)
603 (—q)dc™ (k1)oe™ (k2) [ g+ =0

=0 ki + ko = q, (E25)
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thus getting the result
i i R n (=5 k2) = [i6™ g7, + Loa 4 (@)]Cem aden (=4, k2)
_chAZ'Y (_kl)FQgAién(kfl, k2) - FQgcmc*d(kl, kQ)chén (kQ) (E26)
At tree-level we then correctly recover the result

0 o (C 0 k2) = 00 4o (=, k2) — 9" b
= —gf*"" (k1 — k2)a, (E.27)

(in this case there is no difference between using the complete or reduced functional).

F. Feynman rules

F.1 R; and BFM gauges

The Feynman rules for QCD in R¢ gauges are given in figure Pd. In the case of the BFM
gauge, since the gauge fixing Lagrangian is quadratic in the quantum fields, apart from
vertices involving ghost fields only vertices containing exactly two quantum fields might
differ from the conventional ones. Thus, the vertices I'; D and I' 7, , 4 have to lowest order
the same expression as the corresponding R¢ ones I Api and "'y 444 (to higher order their
relation is described by the corresponding BQIs).

F.2 Anti-fields

The couplings of anti-fields with fields is entirely encoded in the BRST Lagrangian of
eq. (B.2d). When choosing the BFM gauge the additional coupling g f“m"AZmA\ﬁ(ia will
arise in the BRST Lagrangian LprsT as a consequence of the BFM splitting A — A + A.
One then gets the Feynman rules given in figure R§.

F.3 BFM sources

The couplings of BFM sources (2" with fields can be derived from the Faddeev-Popov ghost
Lagrangian, since making use of the extended BRST transformation of eq. (B.31)) we get

Lrpc = —"sFhp D —gf "™ (sAT) Al = —g f e T AL (F.1)

The corresponding Feynman rule is finally given in figure 9.
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